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PREFACE 


The attention given in elementary text-books on 
engineering theory to the important and interesting 
subject of dimensions varies considerably. In some 
books the subject is ignored entirely ; in some it is 
dealt -with briefly and superficially in an appendix ; 
while in others, the treatment of the subject, although 
adequate, lacks coherence because the references to 
dimensions are incidental. For an orderly and con- 
nected account of the theory of dimensions, boolcs on 
advanced matliematics or specialised monographs have 
to be consulted and woriis of this character are not very 
suitable for elementary students. There seems to bo a 
real need for a small work, dealing entirely with tlie 
subjeot of dimensions and their applications to engineer- 
ing theory, in an elementary way. This book has been 
written with the object of meeting this need. 

The opening chapter deals with fundamental units, 
and here an attempt has been made to correct some 
misleading ideas about the unit of mass in so-called 
gravitational systems of units. The basic principles of 
^mensioQs are then explained in reference to dynamical 
quantities, and the applications of dimensional analysis 
to tho calculation of conversion factors, the checking 
of formulae, and the invesrigation of tho nature of 
physical laws are then dealt uith and illustrated. 
Some difficulties in dimensional theory, usually treated 
rather lightly, are discussed fully, and an attempt has 
been made to show that the inconsistency of the identi- 
cal dimensions of the dissimilar quantitie.s, torque and 
worl:, can be avoided by the use of an auxiliary dimen- 
sional symbol in rotational dynamics. Reasons are also 
given for the view that a special dimensional symbol is 
best retained for temperature. In the concluding chap- 
ter, dealing witli tho dimcnBiODS of electrical quantities, 
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th© difficulties which arise from the text'book definitions 
of permittivity and permeability have been explained. 
It is hoped that this book triU he acceptable to 
elementary students of all branches of engineering 
theory as an inexpensive supplement to their regular 
text-books. It is also hoped that the book will be found 
useful and interesting by practical engineers as a rudi- 
mentary introduction to a branch of applied mathe- 
matica which is of rapidly increasing importance in 
modem engineering theory. 
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CHAPTER I 
XJKITS 


Measures of PhiTsical Quantities. Every quantitative 
statement about an objective magnitude is necessarily 
composed of two parts or factors ; a number and a 
statement of the unit of measurement. The number is 
the mathematical ratio of the magnitude to that of the 
specified unit. Similarly, the ultimate end of all applied 
mathematics is the numerical evaluation, by the work- 
ing of an arithmetical sum, of the magnitude of some 
physical quantity which is inferred ftom the known 
magnitudes of others. The answer to the sum will be 
intelligible only if the unit applicable to the calculated 
number is known with certainty. Thus, the number 4*2 
may be part of the statement of a length, but this num- 
ber is meaningless till it is known whether it refers to 
centimetres, feet, yards or miles, as the case may be. 
Similarly the answer to a calculation of an amount of 
energy may give a numerical ansu’er 4-2, but this is 
unintelligible till it is known whether it refers to ergs, 
foot-lbs., or kilowatt hours. 

Any physical quantity can be completely define d by 
a number and any arbitrarily chosen unit, provided 
that the unit is exactly specified. A coUe'etion of units 
for the measurement of physical quantities is known as 
a system of units, and, in such a system, the various 
units may be either arbitrarily defined, or they may be 
made to depend in a simple way on other units. Tims, 
the unit of volume, the cubic-foot, depends in a very 
simple way on another unit, the foot of length, but 
another volume unit, the gallon, has no such simple 
connection with any kind of length unit. An absolute 
system of units is one in which the arbitrarily defined 
units arc the fewest possible, and in which the other 
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units are made to depend upon the arbitrarily defined 
units in the simplest way, so that calculations carried 
out in accordance with the fundamental rules of 
geometry or physical science lead to numerical nnawers 
giving magnitudes in the units of the system. For 
example, the foot of length and the cubic-foot of 
volume form part of an absolute system of units, be- 
cause when the volume of a rectangular tank 4ft. by 

3 ft by 2 ft. IS calculated by the rules of mensuration, 
the product 4 x 3 x 2=24 is the answer in units of the 
system, or in cubic feet. The foot and the gallon are 
not units of an absolute system because the answer to 
the sum, 24, has no simple arithmetical relation to the 
volume of the tank m gallons 

Fusdaznental and Derived Units. The arbitrarily 
defined units of an absolute system are known as the 
fundamental units. Those units which are made to 
depend on ^e fundamental mute are known as derived 
units. We have already stated that, in an abiolute 
system, the number of fundamental units is as small as 
possible, and, for the measurement of geometrical and 
dynamical quantities, at least three of such fundamental 
units have been found necessary. The choice of the 
three fundamental units to be arbitrarily defined is, 
nominally, unrestricted, but, practically, the choice is 
made in such a way that the units can be specified with 
exact precision, that they can be copied or reproduced 
anywhere, and that they can readily bo subdivided. 
The fundamental units chosen in some absolute systems 
are those of the physical entities, length, mass and time, 
which are intuitively felt to be of a fundamental 
character. Of these three niuts, that of mass is capable 
of the most exact definition, because the mass of a body, 
or the quantity of matter in it, is independent of ex- 
ternal conditions which may be variable within the 
limits of practical experience. Tlie actual material of 
the standard of mass must be one that Sa not subject to 
chemical change, such as the metal platinum. A 
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definite lump of platinum is therefore an exactly defined 
xmit of mass. Such a unit can readily bo duplicated or 
reproduced and subdivided, by means of a lever balance. 

An arbitrary absolute unit of length can be defined 
as the distance between two marics on a bar of some 
material, like that used for the unit of mass, that' is not 
liable to chemical change. Such a length unit can be 
duplicated or copied and subdivided with accuracy. 
We note however that the length unit is not so precise 
as the mass unit. The mass of a lump of matter is 
independent of ordinary temperature changes, but tlie 
physical size of the lump, and hence the distance be- 
tween two marks on a material bar, will vary if its 
temperature alters. Hence the unit of length has to be 
specified, not only by reference to a material bar, but 
also by tlie, temperature at which the unit is correct, 
and completely to <iefino a length unit, it is necessary 
also to define a stipulated temperature. 

Mass, and length or extension in space, are objective 
properties of matter, so that the unite of these quan- 
tities can be defined by material objects. Time or 
duration is a non-material entity, and a unit of time has 
to be defined in a manner quite different from that of 
the definitions of mass and length units. The basis of 
the practical definition of a time unit is a corollary of 
Newton’s first law of motion, that'tho angular speed 
of a body rotating without restraint will be constant. 
The rotation of the earth on its axis is known to be free 
from all but the most minute restraint, so that the 
angular speed of rotation is, to an exceedingly liigh 
degree of approximation, constant. The natural time 
unit is the sidereal day, or the interval between two 
successive instants when a fixed star has a specified 
direction relative to the earth's surface. This time 
interval can bo observed with great precision, and it 
can be subdivided by an insteumont called a clock, the 
action of whicli depends either on tiie counting of the 
isochronous vibrations of a pendulum, or on the 
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meastirement of the turning of the rotor of an electric 
motor maintained at a constant and known rotational 
speed by the control exercised by an isochrononsly- 


units of length and mass may be made to depend upon 
the time unit. Thus the length unit can be defined as 
that of a simple pendulum which, at a definite spot on 
the earth’s surface, has a periodic time which is con- 
nected in a specified way with the abeoluto time unit, 
because this periodic time depends only on the length 
of the pendulum and the value of g, the acceleration of 
a freely-fallmg body due to its weight. The objection 
to such a deflmtion of the length unit is that the simple 


tion time as that of a material pendulum con be found, 
the connection between the physical dimensions of a 
material pendulum and its vibration time is of a recon* 
dite character. It is therefore more convenient, on 
practical grounds, to define the length ’unit directly and 
arbitrarily rather than indirectly in terms of a time unit. 
Similarly it would be possible to define a mass unit in 
terms of a length unit, as that of a stipulated volume of 
a specified substance. The practical realisation of a 
mass unit derived m this way from a length unit would 
depend on the measurement of a volume and also upon 
the punty of the materia! occupying this volume. 
Further, such a mass unit would be definite and precise 
only if the temperature were specified. For these 
reasons, it is preferable, on practical grounds, to define 
a mass umt directly and arbitrarily, rather than in- 
directly, in terms of a length unit and a specified sub- 
stance. Length, mass and time units in an absolute 
system are therefore fundamental units, each being 
independently and arbitrarily defined. 
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The derived units of an absolute sj’stem \rliich de- 
pend upon the fundamental units fall into three 
classes ; g^metiical units based upon the fundamental 
unit of length ; ^ematical units based upon the 
fundamental units of length and t^e ; and dynamical 
imits based upon all three fundamental uni& 'The 
geometrical derived units ate those of area and volume, 
and are defined respectively as the area of a sq^uare 
having each side of unit Jen^-h, and as the volume of a 
cube each edge of ■which ia of unit length. The kine- 
matical unit of speed is a displacement of unit distance 
in unit time, that of acceleration is that of unit change 
in speed in unit time. The derivation of the dynamical 
derived units is based upon Newton’s second lair of 
motion that impressed force on a moving body is pro- 
portional to its mass and to the rate of change of its 
speed or to its mass multiplied by its acceleration, and 
the derived dynamical units arc so defined that this 
lair takes the more precise form that the measure of 
impressed force is numerically equal to the measure of 
mass multiplied by the measxue of acceleration. Thus, 
•with a fondamental unit of mass, unit force is that 
•which will accelerate unit mass at the rate of unit speed 
in unit time. From this definition the unit of •work or 
energy immediately follows ; unit force acting through 
unit distance. Unit power is unit work done in unit 
time. 

We observe that the definition of unit force in the 
preceding paragraph is not the only one possible. An 
alternative, and at first sight more objective definition, 
•would be the gravitational attraction of the earth on 
■unit mass at a specified position on the earth’s siirface. 
It •would be necessary to specif}' a position in the 
definition, because the gravitational attraction of a 
definite piece of matter ■varies with the latitude and 
with the height above datum sea-level. The gravita- 
tional attraction of the earth acting on a body free to 
fall gives rise to constant acceleration, the magnitude 



6 DIMENSIONS IN EWOINEEBiyo THEOBV 

of which is usuaH 3 ’ denoted by the symbol g, and in all 
ubsoluto sjEtems of uiuts in actual use, ^ has a numerical 
value different from unity. If the unit of force were 
defined in terms of graritational attraction, the state* 
ment of Newton’s second Jaw, force =:inass x accelera- 
tion, would not be true, for unit force acting on unit 
mass would produce, not unit acceleration, but an 
acceleration of magnitude where is the acceleration 
due to gravity' at the place specified for the definition 
of the force unit. Newton’s law would therefore have to 

be stated in the form, force=mas3 x acceleration -r^o- 
It would be more complicated, and would involve a 
quantity that would hare to be eanperimentally 
determined As the object of the definition of the 
derived units of an absolute system is that fundamezital 
dynamical laws are stated in the simplest manner 
possible, unit force is defined os that which produces 
unit acceleration of unit mass, so that Newton’s basic 
law can be stated in the simplest end most general 
form, force = mass x acceleration. 

The weight of a body, or the gTantational attraction 
of the earth exerted on it, is a force which, in an absolute 
system of units, is numerically equal to mg, where m is 
the mass in absolute units and g is the acc^eration due 
to gravity at the place where the body is weighed, for 
this force accelerates the mass by the amount g. The 
weight of a body is therefore proportional to g. The 
weight of a body has a precise numerical cozmeetion 
with its mass only if a definite position on the earth’s 
surface is defined, at which the value of g is known. 
We shall see the importance of this idea a little later in 
our consideration, of an absolute sj’stem in which the 
fundamental units are differently chosen from the way 
described above. 

C.G.S, Absolute System of Units. This is the system 
used in scientific calculations The unit of length is 
the centimetre, defined as of the legal metre which 
is the distance between the ends of a platinum rod at a 
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temperatiire of 0 degrees C. The unit of mass is the 
gram, defined as of the legal Idlogram wliich is the 
mass of a piece of platinum. The unit of time is the 
second, which is the 86,400th part of a mean solar day. 
A solar day is the time interval between two successive 
instants at which the centae of the sun’s disc appears 
due south at one spot on the earth’s surface. Owing to 
the facts that the speed of the earth in its orbit is not 
constant, and tliat ^e earth’s axis is not perpendicular 
to* the plane of the orbit, the actual length of the solar 
daj' varies considerably throughout the year. The 
mean or average value of the solar day during a year is 
connected with the invariable sidereal day by the rela- 
tion that one sidereal day is equal to 23 hours, 56 
minutes, 4*09 seconds of mean solar time. 

The metre of length upon which the C.g.S. absolute 
system is based was intended to be the one ten -millionth 
part of the distance between the north pole nnd the 
equator on the earth’s surface. The Idlogram was 
intended to be the mass of 1000 cubic centimetres of 
water at 4 degrees C. ITiese relations are now known 
to be only approximate, and the actual definitions of 
the metre and the kilogram, and hence of the centi- 
metre and the gram, are arbitrary, and in terms of 
objective material objects. 

The table on p. 8 gives the fundamental and derived 
units of the e.G.s. system. 

The drawback of the c.g.s. system is the exceedingly 
small magnitudes of the dynamical units. The dyne 
of force is about equal to the one 28,000th part of the 
weight of an ounce. The erg of work is equivalent to 
that required to raise one thousandth part of an ounce 
through a distance of one seventieth of an inch. 

M.K.S. System of Units. The fundamental units in 
this system are the metre of length, the kilogram of 
mass, and the second of time. The units of length and 
mass are identical with the le^i units referred to in the 
definition of the c.g.s. units. The table on p. 8 gives 
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C.G3. System of Viuts 

Distinctive 

Unit 

Hoic defined 
rONDAMKNTAI, TJNITS 

Name 

Length 

of legal metre 

Centimetre 

Slaea 

of legal kilogram 

Gram 

Tune 

of mean solar day 

Derive n Units 

Second 

Area 

Square centimetre 

0 

Volume 

Cfublo centimetre 


Speed 

Centimetre per second 


Accelera* 

Centimetre per second per 


tton 

second 


Force 

Accelerates I gram hy I centi- 
metre per second per 
second 

Dyne 

Work or 

One dyne acting through I 

Erg 

Energy 

centimetre 

PoTrer 

One erg per second 


Strees 

One dyne per square centi- 
metre 

M.E.S. S^em of liiuts 

Dislmctive 

Unit 

How defined 

Name 

Length 

The legal metre 

Metre 

Mass 

The legal kilogram 

Kilogram 

T'lme 

The c O.S. second 

Second 

Area 

Square metre 


Volume 

Cubic metre 


Speed 

Metre per second 


Accelera- 

tion 

Metre per second per second 


Force 

Accelerates J kilogram by 1 
metre per second, per 
second 

Newton 

Work or 

One newton acting through 

Joule 

Energy 

one metre 


Power 

One joule per second 

Watt 
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the fundamental and derived units of the m.k.s. 
system. 

The ‘ newton ’ force unit of the m.k.s. system is 
roughly equal to the weight of a quarter of a pound, 
and is a much more convenient magnitude than the 
C.G.S. force unit. The energy and power units of the 
jiLK.s. system are identical with tiioso used by electrical 
engineers. 

Auxiliary units of the M.K.S. system are those having 
a simple numerical relation to the defined units. Thus 
the kilowatt of power is equal to 1000 watts. The 
kilowatt-hour of energy is equal to 3600x1000= 
3,600,000 joules. 

F,P.S. System of Units. In tlife system the unit of 
length, the foot, is defined as one third of the Sritish 
legal yard which is the distance between transverse 
lines on gold plugs in a bronze bar, at 62 degrees F. 
The unit of mass is the legal pound, which is that of a 
definite piece of platinum. The unit of time is the 
second, defined as in the e.G.s. system. The derived 
units are defined as in the c.c.s. and tt.K.s. systems and 
these units are given in the following table : 



r.P.S. System of Units 

Distinctive 

Unit 

How defined 

Home 

Length 

One tliird of a legal yard 

Foot 

Mass 

The legal pound 

Pound 

Time 

The c.Q.s. second 

Second 

Area 

Square foot 


Volume 

Cubic foot 


Speed 

Foot per second 


Accelera- 

Foot per second per second 


tion 

Force 

Accelerates one pound by one 

Poundal 

Work or 

foot per second per second 
One poundal acting tiirough 

Foot- 

Energy 

one foot 

poundal 

Power 

One foot-poundal per second 
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The unit of force in the f.p.s. system is about equal 
to the Tveight of half an ounce. This system is never 
used in practical scientific or engineering •work, and it 
appears only in books on theoretical mechanics. 

British Engmeers* Gravitational System of TTnits. 
This system of units differs radically from the three 
preceding systems in that the fundamental units are 
those of length, force and time, and that mass is a 
derived unit. The units of length and time are the 
same as in the t p.s. system ; the foot and the second, 
respectively. The derived units of area, volume, speed 
and acceleration, are, likewise, identical with the 
corresponding units of the f.p.s. system. The fimda* 
mental unit of force m the Gravitational system of 
units Is the gravitational attraction on the weight of a 
legal pound of matter at London. To distinguish be- 
tween pounds weight of force in the Gravitational 
system and pounds of mass iii the t.t s. system, the 
force unit is generally denoted by the abbreviation lb. 
As in the other absolute systems, the derived force unit 
is so defined that Newton’s second law con be stated in 
the form, force *= mass x acceleration, so, m the Gravi- 
tational system, umt mass is defined as that which acted 
upon by umt force will be accelerated by umt amount, 
or by one foot per second per second, bo that in the 
Gravitational units, force = mass x acceleration The 
unit of work or energy m the Gravitational system is 
I lb. of force acting through 1 foot, and is called the 
ft. -lb. The power unit ia one ft.-Ib. per second. 

We must consider very carefully what the mass unit 
in the Gravitational system icaUy la. Unit force is 
defined as the gravitational weight of a legal pound of 
matter at London. If such a legal pound falls freely, 
then the force of its own weight, of unit magnitude, 
accelerate it by gg units, where ia the acceleration of 
gravity at London, in Gravitational length and time 
units, or in feet per second per second. Let 77*1 stand for 
the measure of the mass of a legal pound in derived 
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Gravitatiomil units. Then as unit force accelerates tn, 
units of mass bvce acceleration units, we have, from the 
law, force^mass xBcceletatioa, so that 

TP.i, the mass of the legal poond, is — Gravitational 

units. Thus the unit of moss in the Gravitational onit 
is equal to jo pounds, or very nearly 32-2 pounds. 

We can put this matter another way. Acceleration, 
•^rith constant force, b inversely as moss. Unit force ■ 
accelerates a legal poond by tjg feet per second per 
second. Therefore unit force accelerate legal 
poimds by 1 foot pec second per second, and the 
GravitationsI mass unit is g^ times the legal potmd of 
mass. Wc note that the number g^ is the acceleration 
of gravity at a deSnite place — ^London. 

Suppose that we have a lump of matter of unknown 
•mass in, legal units at some place other than London, 
where the acceleration due to gravity, g, is different 
from gg, its value at London. How is the mass of this 
Ituap of matter in Gravitational nnits to he found? In 
practice the legal mass of a body fe found in one of two 
ways. The first is by a lever balance, and this method 
is a true comparfron of masses. If the lamp of matter 
is so found to have a mass of n legal pounds, this will 
be its mass in legal pound nnits at London, for mass is 
independent of position on the earth’s surface. The 
mass of the lump of matter in Gravitational nnits will 

therefore be — , where gg is the acceleration due to 

gravitj at London. If however a spring balance is 
used to determine the mass, the instrument will give 
a reading correspondii^, not to true mass, but to 
gravitational weight, or to lbs. offeree. This weight is 
directly proportional to g, the acceleration due to 
gravity- at the place wha» the weighing is done. A 
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SO that, denoting the spiing balance weight by to, we 

haTe tt>=rn>«~ and The mass in Gravita- 

ffo g 

fional units — is therefore equal to — • Thais mass, in 

go ^ g 

p , . 


The Gravitational unit of mass, g„ pounds, is sometimes 
called the slug . 

The following table gives the fundamental and de- 
rived units of this Gravitational sj*fitem of unite : 


Eritish Engineers* OraTit&Uonal Sjstem of Units 


[7nU 

Z/ow defined 

iSisliTietue 
gSfame or 

Length 

FoUDAMEnTAB Uktis 

One thud of a legal yard 

Symbol 

Foot 

Force 

The graTitational attraction 

lb. 

Time 

or weight ofa l^al pound 
of matter at London 

The cos. second 

Second 

Area 

Deiiivbi> Uktis 

Square foot 


Volume 

Cubic foot 


Speed 

Foot per second 


Accelera* 

Foot per second per second 


tion 

Mass 

Accelerated one foot per 

Slug 

Work or 

second pec second by unit 
force 

One Ib acting through 1 ft 

ft.-lb 

Energy 

Power 

One ft.-lb per second 
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We may emphasise, in concluding this section, two 
points about the British En^eers’ Gravitational Sys- 
tem of Units. First, it is a tme absolute system. : the 
three fundamental imits of length, force and time are 
exactly and arbitrarily defined, as are the units of 
length, mass and time in the other absolute system, 
while the derived Gravitational units, including that of 
mass, are obtained by the simplest application of 
geometrical and dynamical principles. Secondly, the 
absolute character of the system dependsTipbn the 
specification, in the definition of the force imit, not only 
of a piece of matter but also of a definite spot on the 
earth’s surface, London. Strictly speaking, this spot 
should be defined precisely by latitude, longitude and 
height above a datum, but for all practical purposes 
London is sufficiently exact. The British Engineers’ 
Gravitational Sj^tem has often been criticised on the 
ground that it is lacking in the precision of a true sys- 
tem of units and that the ma^ iinit is not a constant 
.quantity : such criticisms seem to Be due to a failure 
to apprehend the vital point that locality must be, and 
actually is, specified in the definition of the fimdamental 
force unit. The Gravitational system of units can be 
justly criticised on the ground that the fundamental 
force unit can be reprodu ced .o nlyiat pno place, London, 
unless a local characteristic, the value of g, is known. 
But this drawback is of little practical consequence. 

An important auxiliary unit of the Gravitational 
system is the horse-power, which is equal to 550 power 
units, or 550 ft.-Ibs. per second. 

Numerical Relations of Units. The fundamental 
time unit is the same in all tho absolute systems that 
have been considered, the second. There are three 
different units of length, the centimetre, the metre, and 
the foot. The centimetre and the metre are simply 
related. 1 metre = 100 centimetees, while the foot and 
centimetre are connected by tiie relation 1 foot = 
30-4797 cms. The two mass unite, the gram and the 
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X>ouiid are coniiect«d ly the relation 1 pound = 453-593 
grams. The mk.s. kilogram unit is 1000 grams. As 
the Gravitational mass unit is pounds, or 32'19l 
pounds, any unit of length or mass can be expressed 
rmmeiically In terms of any other. A munber -which 
indicates the ratio of two units of the same kind is 
called a conversion factor. We shall see later that from 


Angle. Angle is a quantity which enters into many 


is a measure of an amount of turni ng or ro tation^ The 
geometrical unit of ongle is tEe right angle, which is 
subdivided into 90 de g r ees , the degree being further 
subdivided either eexagesimally into 00 minutes each 
equal to 60 seconds, or decimally. A second unit of 
geometrical angle is the radian, defined as that between 
two radii of a circle which define an arc of the cir- 


radians, one revolution being equal to Sir radians. 

Angular speed is measured either in revolutions per 
second or in radians per second. Angular acceleration 
is likewise measured either in revolutions per second per 
second, or in radians per second per second. 




CHAPTER II 

ELEMENTARY THEORY OE DIMENSIONS 

Basic Ideas. We have seen in the preceding chapter 
how, af&er fixing arbitrarily a suitable number of 
fundamental units, all the other units of an absolute 
system requisite for the measurement of dynamical 
quantities can be derived from these fundamental units. 
Every derived unit depends on one or more of the 
fimdamental units, and tho connection of the derived 
units and the fundamental units can be stated verbally 
by an enunciation of the basic principle by which the 
derived imit has been fixed. The connection of a 
derived unit with the fundamental units, or the manner 
in which the measurement of a physical quantity 
depends upon the fundamental units of measurement,, 
can be expressed in an al geb raic pr.BymboIic formula,' 
and as we shall see hereafter, such a symbolic notariou 
is a powerful instrument for several Wnds of practical 
calculations. A symbolic statement of this Mnd is 
called the^<imensions of the physical quantity to which 
it refers, or of the unifBy which this physical quantity 
is measured. 

We can illustrate the basis of this idea by a simple 
concrete example. Suppose that the size of a rectangle 
is 4 length units by 2 of the same length units. Then, as 
we have seen, tho measure of its area in the derived 
units of an absolute system will be 4 x 2 area units. 
This can be expressed in the following way ; 

4 length units x 2 length units = 8 area units. 

I<et the symbol [L] stand for the phrase ‘ length unit ’ 
and [A] for tho phrase ‘ area unit ’, then the preceding 
equation can be put in the form : 

4[L]x2[i]=8[A] 

15 
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a-nd treating [Z.] and [A] as algebraic quantities 
8 [i] X [i] = 8 [Z *] = 8 ] 

So that [-A]=:[Z*], and this equation is a symbolic 
statement of the fact that the unit of area in an ab- 
solute system la that of a square, each side of which is one 


[itf j and \T], for mass and time are quite irreleYant to 
area measurement We can indicate the fact that area 
is indeiiendent of [Af] and (TJ eymbolically by writing 
[,4] = [Z*J X X 

for, by the rules of algebra, the zero*th power of any 
quantity is unity so that [J/*] and are each equal 
to 1. The symbolic etatement [^] = [Ai®Z*r®] is called 
a dimensional equation : it shows how the unit of area 
depends upon the fundamental units of length, mass 
and time. The dimensions of area are therefore said 
to be 3f 0, and T<>. 

A similar ^nd of argument can be used to show the 
dimensions of a derived unit of volume. If a rectangular 
tank measures 4 length units by 3 length units by 
2 length units its volume will be 

24 volume units = 4 length units x 3 length units 

X 2 length units, 

and, by letting the symbol [FJ stand for the phrase 
‘ volume umt this equation js the same as, 
24[r]=4[Z] X 3[Z] X 2[Z] 

BO that, with the same convention that [F] and [Z] can 
be treated as algebraic quantitiea, 

As volume, like area, is qmte independent of units of 
mass or time, a fuller statement of the dimensions of 
the volume unit is, 


[r]=[Af“Z3r»] 
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Dimensions of Physical Quantities. The underlying 
idea in the preceding simple arguments was the assign- 
ing of a symbol for the fundamental units of measure- 
ments in an equation or sum for the calculation of some 
concrete or objective quantity, and by the treatment of 
this s 3 mibol as an algebraic quantity. The resulting 
dim ensional equation, iiom which actual sizes of the 
measurements have been eliminated, is not exactly an 
equation in the usual sense in which the sign of equality, 
= , stands for identity of magnitude. In the dimen- 
sional equation [A ] = the sign of equality is a 
symbol iodioativo of the kind of dependence of a 
derived unit on the fundamental units of the system to 
which this derived unit belongs. By the application of 
this idea of symbolic representation of fundamental 
units, the dimensions of other derived units of an 
absolute system can bo worked out. Wo have, so far, 
regarded tiie fundamental units of mass, lengtli and time 
as dimensionally fundamental. In other words, tho 
dimensional statements about derived units are made 
in terms of the symbols [J/], [i/] and [7]. Tliis 
is customary, but not obligatory, and we shall return 
later to the matter of tho choice of tho units to which 
fundamental dimensional symbols are assigned. 

The derivation of tlie dlmonsioos of area and volume 
are so simple as to be almost trivial. Tlie next simplest 
quantities measured by derived units are speed and 
acceleration. Let us consider the case of a body wliich 
moves through 4 length units in 2 time units. Tho 
computation of its overage speed during this time 
interval will bo represented by tlie equation 


2 speed units = 


4 length units 
2 time units 


and using the symbol [v], for ’ speed unit,’ we have, as 
before. 
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Thus \y \=^ , which ia often expressed in the form 

[v}=LT~'^. As speed has nothing to do with mass, the 
complete Btatement of the dimensions of [v} is. 

As the dimensional 83 rmboI [rj is in the denominator 
of a fraction, or bears a negative index, we infer at once 
that if the time unit of measurement is, say, increased, 
the speed unit will be reduced proportionally, and vice 
versa. 

The two eq_uivalent statements of the dimensions of 
speed, and LT-'^ have different appearances, and 

the first or fractional statement is the easier to read by 
those unaccustomed to mathematical symbolism. The 
notation in which, ^mbols in the denommators of 
fractions have negative indices is however superior 
for purposes of more advanced calculations, and the 
reader is advised to accustom himself to this index 
notation 

If the speed of a body changes from say 4 units to 
zero in 2 time units, its average acceleration during 
this time period will be computed by the equation 


2 acceleration units = 


4 s peed units 
2 time units 


If [^J stands for ' acceleration unit,' this will be equi- 
valenf'to : 


2[aj-; 




2[T] ’ 


by substituting the value of [v] we have already ob- 
tained, we find 




The dimensions of acceleration are therefor© -LT *, or 
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more fully, M^LT-^, since acceleration is independent 
of mass. 

Tte dimensional equation or formula for the dimen- 
sions of acceleration is, perhaps, not quite so obvious as 
those for area, volume and speed. The fact that the 
square of [T] appears in the denominator of the 
dimensional formula sbows that in a statement of a 
measure of acceleration in terms of fundamental units, 
the time unit must be twice mentioned. Thus an 
acceleration will bo stated as so many, say, feet per 
second per second. This latter part of tho statement is 
sometimes abbreviated to fb./seo.*, but of course a 
second squared, or a square second has no objective 
meaning os a square foot has. 

If a body of, say, 4 mass units is accelerated by 2 
units of an absolute system then, by Newton's second 
law, the force required to produce this acceleration is 
computed by the following equation 

8 force units s 4 mass units x 2 acceleration units. 

And, if [173 stands for ‘force unit,' by using the dimen- 
sional formula for acceleration unit already found, wo 
have 

and the dimensions of force are said to be or 
MLT-\ ^ 

If 8 units of force act through 2 length units, the 
work done is found from 

16 work units = 8 force units x 2 length units, 
so that if [IT] stands for ' work unit ’ 


and the dimensions of work are or ML-T-'. 
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As stress is force per unit area, we now see, without 
intermediate steps that the dimensions of stress are 

LQ 

■ ya 

Similarly, as power is work done in unit time the 
dimensions of power are 


[A]~ ” 


[T] T* * y» — ■ 


The reader will have noticed that the dimensional 
formulae for the dynamical quantities, force, work, 
power and stress, are by no means as obvious ss those 
for the geometrical and kinematic quantities, such as 
area and speed. The dimensional formulA for work 

will repay a little thought at this stage. It is and 

as the dimensions ofspeedCv] are nu equivalent state- 
ment of the dimensions of work is [M] x [»•]. This 
shows that a physical quantity, the mass of a body 
multiplied hy the square of its speed, has the same 


lUj bpeeu aim muss, auu ii uiu bpeeu aiiu mass ate 
denoted respectively by v and m, then the quantity mr* 
has the same dimensions as work. If we could assume 
that physical quantities of the same inherent nature 
have the same dimensions, we could infer that the 
kinetic enei^ of a body is proportional to mv*, for ■mt* 
is a physical quantity of the same inherent character as 


its mass and speed, even though m and v are each 
measured in the units of an absolute system, for the 
work unit of such a system is defined in terms of an 
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accelerating force and a length uniti and not, as it might 
conceivably be, as equivalent to IJie Muetic energy of 
unit mass moving ■with, unit speed. We shall return to 
the point later. 

Dimensional Properties of Materials. Quantitative 
statements about the physical properties of material 
bodies, lihe geometrical, Idnematical and dynamical 
quantities, depend generally on unite of measurements, 
and this dependence can be expressed by dimensional 
formulae. Two of the simplest properties of a mateiial 
are its density and its specific gravity at a stipulated 
temperature. The dmirity of a subatanca is defined ag 
the mass of unit volume. By an argument similar to 
that used in the previous section, we see that the 
dimensions of density are obtained as those of 
mass -i- volume! or 

[donEity]=^j^=Jlf-^£»=Jlf£-' f”. 


The specific gravity of a substance is defined as the 
maas of a stipiilated volume of the substance divided 
by the mass of the same volume of a reference sub- 
stance, water for solid or liquids, air or hydrogen for 
gases. The dimensions of specific gravity are therefore 


or, more fully, In other words, 


specific gravity is independent of all units of measure- 


ment ; it is said to be a quantity of zero dimensions, 
or, otherwise, to be a dimensio nless quantity. The 
difierence between density aii3~specifio should 

be carefuUy noted. The density of say mercury, in the 
E.p.s. system of units, 849 pounds per cubic foot, is very 
different from its density in the C.O.S. system, 13-5DG 


grams per cubic centimetre. Its specific gra-vity, 
13'596, is however independent of units of measure- 


ment, and is the same whether the masses of equal 


volumes of mercury and water are measured in grams, 
pounds, slugs, or in terms of any other mass units. 
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The cireumatance that the density of a body in c O.s. 
units is, for all practical purposes, equal to its specific 
gravity is due to the non-essential fact that the c.O.s. 
unit of mass is very approximately equal to that of unit 
volume, one cubic centimetre, of water. 

Elasticity is a property of materials which may be 
approximately defined as the ratio of stress to reversible 
strain. We have already seen that the dimensions of 

stress are Strain is defined as the 


fractional change of volume or of shape. Volumetric 
strain therefore has the dimensions ^^ = l=M^L°T^t 

and it is a dimensionless quantity. Shear strain or 
fractional change of shape can likewise shown to he 
dimensionless As the ^raensions of strain are repre* 
sented by the non-dimensional number 1, the dimen- 
sions of elasticity or of — , will he the same ns those 
stram 

of stress or ssitfi-T"*. 

Surface tension is a property of liquids defined as the 
force perjmit^Ien gth of the boundary of the surface of 
the liquid The dimensions of surface tension are 
therefore those of a force divided by a length or 

-jsz — L=^.=:MT~'. We see at once that this 


dimensional formula is the same as that of a quantity 
defined as energy per unit area, for this latter quantity 

will have the dimensions • Therefore, 


surface tension can be defined as the energy per unit 
area of the surface of a liquid The dimensions of sur- 
face tension are fully stated as and the 

measure of surface tension is independent of the length 
unit. 

The viscosity of a fluid is defined in terms of its flow 
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ia parallel stream lines orer a fixed horizontal surface, 
as the force per unit area required to maintain the 
floTT, divided by the change in the speed of the fluid per 
unit change of the distance &om the fixed surface. 
The dimensions of viscosity are therefore foimd from 
the expression : 

force . speed 
area ' distance 


and, substituting the known dimensions of the factors 
of this expression we obtain the dimensions 


rML 

[rrx 




LT ^ • 


The kinematic viscosity of a fluid is defined as its 
viscosity divided by its density. The dimensions of 
kicematic viscosity are therefore foimd by dividing 

ZtL-^T-^ by those of density, ^ , and ere 


LT'L^T ■ 


Choice of Fimdamental Dimensions. The preceding 
calculations of the dimensions of various physical quan- 
tities are all made in terms of the fijndamental dimen- 
sions of mass Jf , length L and time T. These are the 
fundamental units in the C.G.S., the M.K.S. and the f.p.s. 
systems of units. There ia no essential need for the 
fundamental dimensions in dimensional formula to be 
those of the fundamental units of any particular system. 
As fiindamontal um'ts can be chosen arbitrarily, so long 
as they are explicitly and exactly defined, so funda- 
mental dimensions can be arbitrarily chosen. Thus it 
would bo quite feasible to make the fundamental 
dimensions those of force'J’, length L and time T, to 
correspond to the fundamental units of the British 
Engineers’ Gravitational System of units. With these 
fimdamental dimensions, the derived dimensions of 
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energy and power would be respectively [fi) and 
and would be simpler than those derived above. 
Mass would, however, have derived dimensioas, 

force —acceleration, or while the 

Jb 

dimensions of density or mass — volume would be 

FT^ 

The use of the dimensions of mass, 
length and time, as fundamental dimensions, to agree 
with the fundamental units of the scientific C.o 5, sys- 
tem, has the advantage that, in the long run, it leads to 
the simplest dimensional formulae Apart from this 
consideration, the use of 31, h and T is intuitively felt 
to be naturally most fitting, because mass, length, and 
time are the fundamental entities of physical science 
Dimensionless Quantities. We have already seen that 
' certain objective quantities relating to material sub- 
stances are independent of the units of measurement, 
and, having zero dimensions in terms of mass, length 
and tune, can be termed dimensionless. These quan- 
tities are specific gravity and strain, each measured as 
the numerical ratio of two siuuiar dimensional quan- 
tities. A large number of quantitms enter into engineer- 
ing and phj'sical calculations, which have this inherent 
property, that they are dimensionless, and are quite 
independent of units of meoAurement. Dimensionless 
quantities ore of three principal kmds ; conversion 
factors or the ratio of the measures of the same quantity 
m two different syatems of umts , dimensionless vari- 
able quantities like specific gravity and strain ; and 
fundamental numerical constants 


centimetres The number 30 4797 is most simply 
regarded as the result of measuring a foot length in 
centimetre units, but it will indirectly bo obtained as 
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Ihe ratio of the measures of the foot and centimetre 
lengths in terms of any other unit. Thus tliese tiro 
lengths might each be measured in inch units ; the ratio 
of these measures, 12 inches to 0-3937 TV-ill be equal to 
the basic factor 30-4797. So, the basic conversion factor 
in the statement that 453*393 grams is equal to 1 pound, 
would be obtained by comparing the measures of the 
pound and the gram of mass in, say, ounce units. 
Conversion factors are thns dimensionless numbers, and 
independent of units of measurement. For every unit 
in an absolute system there is a conversion factor 
which expresses its measure in the units of another 
absolute system. Thus the conversion factor for the 
units of power in the m.k.s. and the Gravitational 
systems of units is expressed implicitly in the statement 
that 550 ft.'lbs. per second is equivalent to 746 watts. 
We shall see in the next chapter bow conversion factors 
for derived units are calculated from the basic factors 
applicable to the fundamental nnits. 

There is another kind of conversion factor which 
enters into commercial calculations when, for the sake 
of convenience, tt»'o or more units of the same quantity 
are in use. Thus, in this country, several units of 
length are in use, ranging in magnitude from the inch 
to the mile, and a typical conversion factor applicable 
to this system of length units is contained in the state- 
ment that 1 mile = 1760 yards. Conversion factors of 
this kind enter only indirectly into scientific and 
engineering calculations because, once the unique unit 
of measurement has been chosen, all quantities must be 
expressed in terms of this unit, however largo or how- 
ever small they may be. In a scientific calculation 
based upon the e.G.s. system, for instance, all lengths 
must be expressed in centimetres, all masses in grams, 
and all time intervals in seconds, otherwise the answer 
to the calculation will not be in terms of the appropri- 
ate derived unit of the C.G.S. system. 

We have seen that, although the dimensions of work 
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or energy are those of a mass multiplied by the square of 
a velocity, the Idnctic energy of a body of mass m, 
moving Ttith speed v, is not necessarily equal to mi* in 
the energy units of the system of units in irhich m and 
V are meas'ured Actually, kinetic energy is equal to J 
The ^ in this formula la an example of a fundamental 
dimensionless numerical constant, and the manner in 
which this constant is derived will be worth a little study. 
The kinetic energy of the body or the work it can do by 
the loss of its spe^, can be calculated in two ways. The 
first is by the use of the calculus If the speed v is 
reduced, the force exerted by the moving body is m 

multiplied by its negative acceleration, or m ^ , and the 

work done as the body moves through a distance da will 
he 

da—mdv x ^asme dv. 
at at 

The total work done by the body by the total change 
of speed from v to zero i^l therefore be : 


n [ vdv— 

JO 




by acceleratk ; • n ^ j* r 

a numerical 

V dy ; it is 1 , ,, 

differential expression. 

We can, however, derive the expression in 

another way, -without using the calculus. Assume that 
the body loses its speed at a wmstant time rate, and that 
the time for the whole loss of speed is ti, during which the 
body moves through a distance Sj. The constant 

acceleration is — , and the constant force exerted through 
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the distance \vill bo — , so tiliat tbo work done by the 
bodj’- in losing its speed will be . But ^ is the 

average speed during the lime and as the speed 

decreases at a uniform rate the average will be equal 

to one half of the initial speed v. Thus ~ = jtv, so that 

the work done is equal to The J in this formula 

is the ratio of the average to the initial speed when the 
actual speed changes at a uniform rate. This J is of the 
same character aa the J in the formula for the orea of & 
triangle, ^ the base mtdtipUed by the height, or the | in 
the corresponding formula for the area of a parabolic 
segment. Regarded as a constant of integration, the 
^ is a pure number, independent of all objective con- 
siderations, and depending only on tbo algebraic form of 
the differential expression v dv. 

7T is a number which'^nters largely into scientific and 
engineering calculations. It is usually defined ob- 
jectively as the ratio of the lengths of the circumference 
and the diameter of a circle, and according to this 
definition, w is the ratio of two quantities of the same 
character. Actually, however, ir can bo regarded as a 
pure number because, numerically, it is the sum to 
infinity of the following convergent series : 




where it is expressed in terms of the natural and ab- 
stract integers. 

e is another dimensionless quantity of firequent 
occurrence in scientific calculations, e is usually defined 
as a pure number, and as the sum to infinity of the 


but c can also bo defined geometrically in terms of the 
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rectangular hyperbola as ir la in terms of tlio circle. If 
the equation to the hyperbola is xy=l, then e is 
I the abscissa, the ordinate of which, with the ordinate 
I ® = the curve, and the horizontal axis, deOnes unit 
area. 

Fundamental numerical constants are independent 
of units of measurementa and are dimensionless. The 
J in the kmetic ene^y formula is independent of 
whether the measure of energy is ergs in the c,o.s. 
system, or ft -lbs. in theBntish Engineers’ Gravitational 
system. We shall see later that not all numbers enter- 
ing into engineering formulaeare of this non-dimensional 
character and that one of the important applications 
of dimensional tbeoxy is to distinguish between the 
dimenaionloss constants and the dimensional numbers, 
which are dependent upon the system of units, and are 
therefore valid for one system only. 

Angular Magnitudes. Angle, in its kinematic sense 
of amount of turning, is, as we bare seen, commonly 
measured either m revolutions or radians. If a straight 
line turns about ono fixed end, the angle described in 
radians is equal to the distance travereed by the moving 
end divided by the length of the bne, the same unit 
of length being used for each measurement. The 
dimensions of angle therefore correspond to those of the 

fraction uud these dimensions are those of 

length 

^ s= 1 , and are consequently all aero. 

JU 

Angle is therefore a dimensionless quantity, inde- 
pendent of units of mass, length, and time. The units 
*■ -»i - -adian, are in 

■ igle differs in 
. quantities ; 

it is inherently a variable, in its kinematic sense, and 
its measure, although independent of mass, length and 
time units, depends upon the particular fundamental 
angular unit used for the measurement. 
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Angular relocifcy or speed is defined as angular 
movement in unit time, and its dimensions are those of 

or, as the dimensions of angle are zero, ^=T~‘^, 
time ® ’ 

or, more fully, Thousualunitsofangularspeed 

are the revolution per second and the radian per second. 

The number of periodic occurrences that occur in unit 
time is known as the frequency. Since a number of 
occurrences is counted, this number is essentially 

dimensionless. ~ or T~^ therefore also gives the dimen- 
sions of a irequency. 

Angular acceleration is the change of angular speed 
in unit time. Its dimensions are tliose of the fraction 

— , and are therefore or — sT-*, or 
time jf • 

more fully The usual units of angular 

acceleration are the revolution per second per second, 
or the radian per second per second. 

The phase of a periodic quantity is the fraction of the 
periodic time that has elapsed since an arbitrarily fixed 
instant. The dimensions of phase are therefore those of 

time-interval ^ -m. • j- • i i-i 

— — , or 7^=1. Phase is dimensionless like 
pcnodic tune . 

angle, and is often assessed quantitatively in ^gu^r " 
measure on the ^sis that one period in. time is equi- 
valent in angle to one revolution, or ^ radians. 

As the measure of angle is the ratio of a circum- 
ferential length to the radius of a circle, so the trigono- 
metrical functions of angle, 'the sine and the cosine, are 
ratios of the length of straight lines defined by the angle 
and the radius. The sine and cosine functions ore 
essentially dimensionless. The sine function of an 
angle 6 is defined algebraically as the sum to infinity of 
the series : 

„ (P 0^ 8^ 

^ 3!'*’ 6! 7!'"' 
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As $ is dimensionless, all its powers mnst be dimen- 
sionless also, so that the algebraic expression for sm 6 
is dimensionless. The fnnctiona sin x, and cos a:, occur 
in mathematics irrespective of any objective angular 
significance of the independent variable x. If, however, 
such an expression as sin x occurs in a mathematical 
equation representing some objective physical con- 
dition, X must he a dimensionless quantity. Otherwise, 
the algebraic expression for sin x shows that it would be 
the sum of a number of terms, the dimensions of which 
would all be different. 

Dimensional Constants. There ore certain funda- 
mental constant numbers which enter into scientific 
calculations that are essentially dimensional in charac- 
ter. A familiar example is the quantity c, the velocity 
of light, which enters mto the formula for calculating 
the capacitance in microfarad units of an electncal 
condenser from its dimensions The dimensions of e 
are, of course, those of a velocity or speed and ore 
^ or LT-^ The density of a body at a fixed tempera- 
ture is another dimensional constant ; its dimensions, 
as we have seen, are J/Z-”’ 

The gravitational constant is another important 
quantity of this class According to Newton’s law of 
universal gravitation the attractive force between two 
bodies IS proportional to the product of their masses 
and inversely proportional to the square of the dis- 
tance between them. We therefore have this equa- 
tion : 


(length)* 


where O is the factor which, when mass and length 
are measured in the units of an absolute system will 
give the force in umts of the same system. If we 
substitute the dimensions of force, mass and length, 
we obtain : 
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ML „ 


60 that, 


Since the gravitafaonal attraction of a gram of maas 
will accelerate it by 981 centimetres per second per 
second, this gravitational attraction is 981 dynes of 
force in the o.o.s. system. The gravitational attraction 
of the earth on the gram of mass la very approximately 
as if the mass of the earth were concentrated at its 
centre, so we can write the following equation : 


980 dynes =:(?x 


1 gram x mass of earth in grams 
(tadins of earth in cm.)® 


From this equation we can, knowing the' mass and 
radius of the earth, calculate G in o.o.s. units, or knowing 
G and the radius of the earth we can calculate the mass 
of the earth. Q has been determined experimentally 
and found to have the value 6-664 x 10“® in c. 0 . 8 . units. 
By substituting this v^ue of 61 in the last equation, the 
mass of the earth isfound to be approximately 6-0 x 10” 
grama. 

The following table contains no entries of quantities 
which occur only in rotational dynamics. We shall see 
later that the determination of the dimensions of these 
quantities gives rise to some difficulties which call for 
explanation and discussion. 
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Quanlxty 

Length 

Time 

Area 

Volume 

Speed 

Acceleration 

Angl* 

Aogular speed 

Angular accalera* 
tion 
Force 
Slazneotum 
Work or energy 
Power 


Density 
Specific gravity 
Surface tension 
Viscosity 

ICin ematie viscosity 

Gravitational 

constant 


Talle of Dlmensioiu 


Defintd a* 


Length x length 
Length xarea 
Space — tune 
Speed — tune 
Arc— tadius 
Anglo— tune 
Angular epeed— tune 
Maas X acceleration 
Maas K s p e ed 
Force xdistaoce 
^Vork— tune 
Force— area 
Volume — volume 
Mas) — volume 
Maas — mass 
Force — length 


Dimcnaions 
Fraeltanal Index 
A'ololion A'eta/ion 


L 

T 

X. 


r> 


LT-^ 

L.T'* 


ML* 

-JV 

ML* 


T-* 

x-\ 

MLT-* 

MLT-* 

Af£*r-» 

ML*T-* 

ML-*T-* 


M 

L* 

1 

M 

T* 


ML-* 

1 

MT-* 


Force per unit arc* — J/ 
speed per unit distance 

Viscosity— density 

Force X length* — mass* ij * 


ML-'T-* 

L*T-* 



CHAPTER III 


APPLICATIONS OF THE THEORY OP 
DIMENSIONS 

Basic Principles. In this chapter we shall deal with 
Bome of the simpler practical applications of dimen- 
sional theor^'^. Tliese applications may be classified 
under three heads ; the^ calculation of conversion fac- 
tors, the_c_hec_king p^ formulae, and the deduction of 
t¥e nature of phyaeal law^ 'Applications of dimen- 
siohar theory depend upon two basic principles or 
axioms ; first, that the dimensions of a physical 
quantity can he stated in one way and one way only in 
teems of the fundamental dimensional entities of mass, 
length and time ; secondly, that an algebraic equation 
or formula relating to a physical quantity must he 
dimensionally homogeneous, or, in other words, the 
dimensions of every term of the equation must he 
identical. Thus, if a formula gives, say, a quantity of 
work as a ‘function of some other quantities, then 
every term of the fonmila, or in the right-hand side 
of the equation, must have the dimensions of work. A 
quantity of work cannot be equated to the sum of a 
number of quantities of a different character. We 
shall see later that although the dimei^ions of a 
physical quantity can be stated in one way only, the 
converse of this principle is not always true, and that 
it 1 b possible for quantities quite different in character 
to have identical dimraisions in terms of mass, length, 
and time, so that to indicate in a dimensional formula 
the essential difference in the character of such 
quantities some additional auxiliarj' dimension must 
be used. 

Conversion Factors. We have already given some 
examples of conversion fectore tliat are the numerical 
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ratios of fundamental unit quantities in different sya- 
toms of units Dimen^onal theory points directly to 
the method of calculating the numerical ratios of 
derived units of th© two systems. Suppose that a 
quantity haa th© dimenstons and its measure 

in one system of units. A, is the number X of the 
derived units. This as w© Lave seen can be expressed 
symbolically aa X x Suppose now that the 

fundamental units of mass, length and time in a second 
system B are denoted by and T\, and that the 

mass umt in .<4 system is times that of the mass unit 
in jB system so that = and that, likewise, 

LssriiLi and Then we have ; 

K X [M‘L^T‘}=X X x xlnsTj]' 

=K X ni'nt'nj* x 

The measure of the quantity in the B system of units 
is. therefore, times the toeasure m the A sys* 

tern, is the conversion factor giving the num- 

ber of the denvcd units of the B system that correspond 
to 1 of the same derived unit of the A system. 

Let us illustrate this general result by one or two simple 
numerical examples Whatis theequivalentof a speedof 
60 miles per hour in ft. per second * Here the dimensions 

of speed are ^ . As I mile = 5280ft , ng — S2S0 Similar- 
ly, fij, the number of seconds in 1 hour, is 3600. The 
6^80 88 

required conversion factor is , bo that 60 miles 

per hour = 60 ^ second. 

If the value of in British Ei^ineers’ umts is 32-2 at 
London, what is its value in O.G.S. units ^ Here the 

dimensions of acceleration are ^ • As 1 ft. = 30 48 cm.. 
Tig = 30 48 The time unit in the two systems is the 
same, 1 he second, so that «a = 1- The conversion factor 
for acceleration is therefore 30-48, eo that 32-2 ft. per 
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second per second=32-2 x 30-48 =981 cms. per second 
per second. 

What is the factor for converting ft. -lbs. to ergs? 
Here the quantity coDsidered is work, the dimensions of 

which are • The unit of mass, the slug, in the 

British Engineers’ System is 32*2 pounds or 32-2 x 453-6 
grams, and this is Ihe value of n^, the number of 
centimetrea in 1 foot, is 30-48. The time unit is the 
same for both syst^s so that = The required 
conversion factor is, therefore : 

2!^’ = 32-2 X 463'6 x (30-48)= 

= 3-22 X 4-536 x (3-048)® x 10® 

= 135-6x10* 

= 1-356x10®, 

so that 

1 ft,-lb. = 1-356x10® ergs. 

What is the equivalent of 1 h.p. in watts? Since 
1 h.p, = 550 ft, -lbs. per second, we have : 
Ih.p.=650ft.-lb3.per8eo.=550 x 1-356 x 10® ergs per 
sec. 

= 660x 1-356 joules per aeo. 
= 746 watts, 

since 1 joule = 10® ergs, and 1 watt = 1 joule per second. 

The arithmetic of conversion factors is dealt with in 
most elementary text-books on engineering mathematics 
and we need spend no further time on tliis subject. We 
may note in passing that the numbers in the British 
tables oftweights and measures are, in a sense, con- 
version factors, although they apply to a single system 
of imits. Thus 3 is the factor for converting yards to 
feet, and 112 is the factOT for converting cwt. to pounds. 
When a physical quantity can be measured in two sys- 
tems of commercial units as in cubic inches or cubic feet. 
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and in gallons and pints, we have two kinds of con* 
version factors, the first like the number 1728 for con- 
verting cubic feet into cubic inches appbcable to one 
system, and the second like 6-229, for converting cubic 
feet in oil© system to gallons in the other. 

The following table gives the principal conversion 
factors from the British Engineers’ units to those in the 
c.G s. system , 


Conversion Factors. British Engineers* to C.Q.S. imits 


Quantiiy 

Length, Velocity and 
Acceleration 
Area 
Volume 
Mass 

Eorce and Momentum 
Work and Energy 


Relevant 

dtmeneions 

L 


i* 

a 

ML 

ML* 


Taetor 


929 03 
28316 

32-2x453 6 
32 2 X I3S24 
32-2 X 421-370 


Formulae. We shall now give some illustrations of 
the second of the basic principles referred to above, 
that every term in an equation or formula referring to 
physical quantities must be of the same dimensions. 
If a body is projected vertically upward with an initial 
speed V, its height h, at a time t measured fitim the instant 
of projection, is given by the formula : 

where g is the acceleration due to gravity. The dimen- 
sions of V are ^ and of g,-^. Substitutmg the known 

dimensions, and representing the dimensions of the 
number ^ by {^J, we have : 


The dimensions of [J}riro 1 or M^L^T°. J is therefore 
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a dimensionless number, and independent of the aj-stem 
of units in which, h, v, t and g are measured. 

It should now be noted that from the above short 
investigation, two lands of dedootions can be made. 
If we assume the truth of the fomnila for one absolute 
S3'st€m of units, we have shown that the I is a dimen- 
sionless number so that the formula is also true for any 
other absolute syatem, provided, of course, that h, v, t 
and g axe all measured in the units of one system. K 
we assume that the i is a dimensionless number we 
hare checked the dimensional homogeneity of the 
formula and we can infer that it is jrobablv c orrect. 

Let us consider a more complicated example. The 
volume per second V of liquid escaping from the end of 
a long tube is given by the formula 



where p is the pressure difierence along the tube of 
length I and radios r, and 17 is the viscosity of the liquid. 

The dimensions of F are , those of p are force dinded 
by area or ^ ^ > and those of 17, ^ . Representing 

the dimensions of the numerical factor by ^ wehave, 
substituting the dimensional expressions • — * 



The quantity ~ therefore has the dimensions , 
those of F. - is therdore a dimensionless number 


independont of the s y st em of units in which p, r, I and ij 
are measured. When a numerical constant in a formula 
is a dimensioziless number, the formula is correct for 
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all absolute systems of units provided that the quantities 
entering into the formula ate all measured in the units of 
the system. Thus, if the formula just considered is used 
with British Engineers* units, V would be in cubic feet 
per second, r and I would be in feet, p in lbs. per sq. foot, 
and T] in slugs per foot-second. 

Let us now consider a formula of a different class 
from the foregoing. Suppose that the height h at time t 
of a body projected vertically upward vdth an initial 
velocity V is given aa 

h-rt- 16-U*. 

Substituting known dimensions, and denoting the 
dimensional expression of the numerical factor by 
[18'1], we have 

f/=^xr-[i6 i]T» 

L^L-[ie-l]TK 

We see at once that the factor 16*1 cannot be a 
dimensionless number, ibr if it were, we should have 
the absurd statement that a length is equal to the square 
of a time period. 16 1 is therefore a dimensional con- 
stant and the dimensions must be such that the term 
16-11^ has the dimension The dimensions of 

must therefore be ^ , those of an acceleration, and as a 

matter of fact we know that the factor 16-1 is equal to 
\g, where g is measured in r.P s. or in British Engineers’ 
units. The formula, if true at all, as it actually is, is 
true only for particular fundamental units of length and 
time. The specification of the meanings of the symbols 
h, V and t given above is therefore insufficient, and with 


V the initial velocity in feet per second, and t tie time 
in seconds, and the formula is true only with this 
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reservation relating to the iinits employed. In con- 
trast to tiiis, the more general formula, quoted abovo, 
h=^vt - \gl-, is true for all absolute systems of units. 

K vro TTisli to obtain a formula equivalent to 
— IG K*, but applicable to the O.O.3. system in 
•a-hich h is in cm. and w in cm. per second, we must ob- 
tain the new value of the numerical factor 16-1 by 
means of the appropriate conversion factor- As lC -1 

has the dimensions of an acceleration, ^ , this factor, 
as we have seen, is 30-48, so that the new formula is 
-30-48 X 16- U’ 

where ^ is in cms., v in cms. per sec., and t in seconds. 

Consider another formula given in the hand-books. 
The minimum thickness, i, of the header of a water-tube 
boiler at the tube boles for a tube diameter d, is 

where t and d are in inches, t and d each have the 
dimension. L, so that, indicating the dimensional ea* 
pression for the numerical factors by [A] 
have this dimensional equation 

As the dimensions of every term must be L, we see that 
the dimensions of [^] are and of [y] are L. The 
formula is true, therefore, only for the units specified. 
If we wish an equivalent formula in which t and d 
are in centimetres, then as 2-54 cm. = 1 inch, 2-54 is the 
conversion factor for A. The term^in the new formula 
becomes x while the term i becomes J x 2-54, 

BO that, approximately, 

t=0-15<7S-{-0-62, 

where t and d are each in centimetres. 

We have already noted that if we can assume that 
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numerical constants in on equation aro tlimcnsionlesa 
numberSj Tve can obtain some sort of check of the truth 
of the equation by substituting the duneosJonal ex- 
pressions for the variables and seeing that the dimen- 
sions of both aides of the equation agree. If we fail to 
obtain tMa agreement, we shall know that the equation 
or formula ia untrue, or that it has been wrongly quoted. 
This principle is very useful for the discovery of mis- 
takes when formulae are imperfectly remembered or 
copied wrongly from works of reference. 

Let US consider a formula which purports to give the 
speed V of a belt at which the maximum power ia 
transmitted Suppose this formula is quoted as . 



where Tx is the maximum allowable tension, and v the 
weight of unit length of the belt. Assuming the 3 is a 
dimensionless number, and substituting ^mensions 

^ for V, for Ti and, os weight is a force, x ~ for 
w, we have, squanng each side of the equation, 

T‘ 7” * ML 

The dimensions do not agree, and to make the 
dimensions of the right-hand eido of the equation the 

same as those of v, a factor Iiaving the dimensions ^ 
must appear under the eqo.are-root sign. A missing 
term therefore has the dimenslom of an acceleration, 
and we are reminded at once that the speed for maxi- 
mum power depends upon the mass per unit length of 
belt and not on the weight per unit length, and as mass 
IS equal to weight —g, the correct formula is 
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The periodic time f of a body of mass m oscillating 
under the control of a force having a value F per unit of 
displacement from the position of rest is known to be 

given by one of the formulae, t=2TiJ~, or 

’ i* - *771 

Which is correct? The dimensions of F or force divided 
M 

by length are — , and the quantity under the square- 
root sign must have the dimeusiona T®. We see at once 

that, to satisfy this condition, this quantity must be ^ , 
BO that the correct formula is 


As a further example, consider the formula Ti =— for 

tho tension Ti in the horizontal part of a wire suspended 
between two supports with a small sag d, where I is the 
distance between the supports and xo the weight of 
unit length of the wire. The dimensions of T^, a force, 

are and those of iv, a weight or force per unit length, 
M 

are ^ . Substituting dimensions, and treating 8 as a 
dimensionless number, we have 

Jra ' 


The dimensions of tho two sides of the equation do 
not agree, and, therefore, the statement of the formula 
is wrong. We see at once that to make the dimensions 
of the expression on the right-hand side of the equation 

xol^ 

equal to those of a force, the fonnula must be • 

Finally, suppose the volume of water per second, V, 
flowing in a rectangular notch is known to be given 
by a formula x A**, where K is a dimensionless 
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immber, 6 the breadth of the note)) , A the height of the 
Trater in the notch, g the acceleration due to gravity, 
and n an unknown index of A. The dimensions of V 
JJ* _ 

are ^ , and substituting the dimensions of h, -Jg and A". 


we have, 


— =ix — 


xi". 


If the dimensions of both sides of the cq^uation are to 
agree, we must have 

i.* = jDxX*xi- 

or 3=l + i+n, 

80 thatn=f. The formula is therefore V ^KbJ2gy.h^^. 

Deducing the Nature of Physical Laws. One of the 
most important as well as the most interesting applica- 
tions of dimensional theory is that of the deduction of 
the manner in which one physical quantity depends 
upon otliers. The usual method of discovering this 
kind of dependence or functional relationship is hy 
deduction from simpler and more fundamental Jaws. 
In the dimensional method of deduction we uTite down 
a tentative equation which expresses, in the most 
general form, the dependence of one quantity upon 
several others, and we elucidate the nature of the 
dependence from the basic principle or axiom that the 
dimensions of each side of this equation must bo in 
agreement. As ^mensionless numbers cannot appear 
in dimensional equations, this method merely gives a 
statement of the proportionality of one quantity to 
powers of the others on which it depends : the dimen- 
sional method is incompetent to evaluate the numerical 
constants ; it therefore reveals the nature of tlie law of 
dependence but it does not enable the law to be expli- 
citly stated. 

Suppose that a quantity P is known or suspected to 
depend upon other quantities Q, R and S. We can 
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express tliis dependence symbolically by an equation, 

where ^ is a dimensionless number. If the dimensions 
of the quantity P are ; those of Q, ; 

those of il, and those of 8, then 

substituting these dimensions in tlie formula for P we 
have 

If the equation P^KQ^R^'S* is in any sense true, the 
dimensions of ea ch side of it must be identical, and if 
this condition is satisfied, the M dimension on each side 
must be equal, so that 

or usoi^+ojy+oaz. 

Similarly, equating the dimensions of L and of T on 
the two sides of the equation, we have 

6=6ia;+6d/+M. 

C = C|« + Cjy + C32. 

In these last three equations, all quantities are known 
but X, y and 2 , so that from the three simultaneous 
equations the unknowns can be determined by algebra. 
If, from this calculation, wo find that either a, y or z 
are zero, this indicates that the quantity P is inde- 
pendent of the quantity to which the zero index has 
been assigned. Thus, if in the original equation, or 
P =KQ^R'’S‘, z is found to be zero, then, os 5®=!, 
P^^KQ'^R'' and tbo value of P is not affected by the 
value of 8. We observe that in the above calculation 
the numerical constant K disappeared in the dimen- 
sional equation, and that we are unable to make any 
inference about its magnitude. 

Let us illustrate this rather abstract calculation by a 
number of actual examples. Consider first that the 
kinetic energy E o£ a. moving body may be assumed to 
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on the two sides of the equation, we 6nd 
0 = 2 , 


From which y = }, x=J and 2 = 0, so that 
v=Kjgh. 

The constant K is found by other methods to be 
As 2 = 0, the mass m of the liquid is irrelevant, and v is 
independent of this mass and depends only on A. 
Consider the velocity v of the propagation of a wave 


v=K/*m''a*. 

Substituting dimensions, we have, as those of m are 
ML~^. 

LT'^ X X L‘. 

Equating Jlf , L and T dimensions, as before, we obtain : 
0=x+y 
l=r-y+2 
- 1 = - 2x. 

From the third and first equations, wo find x= J and 
y= - J and, substituting these values in the second 
equation, we obtain . 

i = ! + i+z, 

so that 2^0. The required formula is therefor© : 

and V is independent of o, the amplitude of the disturb- 
ance. 

The energy of a vibratmg and perfectly flexible 
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string is a constant quantity being the sum of tho 
continually changing kinciac energy due to velocity, 
and potential energy due to displacement from the 
position of rest. This constant energy may depend 
upon the frequency of the vibration fixed by its tension 
and its mass per unit length, upon the amplitude of the 
middle point from the position of rest, and upon its total 

mass. Denoting frequency of dimensions ~ by /, 

amplitude by a, and total mass by m, the dependence of 
total energy on these quantities can be thus stated : 

and substituting dimensions, we have : 

Equating dimensions If, L and T, we obtain ; 

1 =«, 

2=y, 

- 2 = -X. 

Or E=Kpahn. The energy of a vibrating string is 
therefore proportional both to the square of tho fre- 
quency and to the square of the amplitude of the 
vibration. 

As a further example, let us consider a raindrop falling 
through the air. The gravitational force accelerating 
the doTvnward veloci^ of the drop will he opposed by a 
retarding force F, which may depend upon the velocity 
of fall V, the ra^us of the drop r, and upon the vis- 
cosity of the air rj. Otherwise ; 

Substituting dimensions, and recollecting that those 
of viscosity are ML~^T-\ we have : 

MLT-'^^ILT-^Y X [i]» X [ifD-ir-i]*. 
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Equating dimensions of Mf L and T, as before, we 
obtain : 


l=z, 

l=x+y-s» 

-2= -X-2. 


From the first and third of these equations, we obtain, 
1, 3 = 1, and substituting these values in the second 
equation gives y~l. The required formula for F in 
terms of v, r and t) is, therefore . 

F^Kvn^, 

where A’ is a dimensionless number. The precise 
equation is F = &7Tvr>] The gravitational force acting 
on the raindrop is proportional to its volume, or to r*. 
The velocitj of fall will be constant when the gravita- 
tional and retarding forces are equal, or when 
Kir^^Kirr], 

where is independent of v, r, and q Thus, the con- 
stant velocity of fall is proportional to r*, and lor very 
small values of r this constant or limitmg velocity 
becomes negligibly small, so that the drops float and 
form a cloud or mist. 

The formula on page 37 for the rate of e£Bux of a 
liquid from the end of a long tube is established on the 
assumption of stream-lino flow, that the velocity of the 
liquid is everywhere parallel to the asis of the tube 
This condition apphes only when the velocity does not 
exceed a critical value. If the velocity is greater than 
this critical value the flow cesses to be stream-lined and 
becomes turbulent. 

The critical velocity Vj depends upon the viscosity 
of the liquid rj, its density a, and upon the radius of the 
tube r. Thus we may write, 

where A is a dimensionless number. Substituting the 
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dimensions of Uj, tj, a and r, we obtain : 

LT-^={ML-^T-')‘ X {ML-^y x I/, 
which, gives 

0=a:+y, 

1= -x-Sy+z, 

-1 = -*, 

from wliich a;=I, y=-I, 2 =-l, 

so that V, =:5 X — , where £ Is a dimensionless number 
or 

independent of the system of units employed. The 
formula shows that viscositj^ assists stream-lins flow 
but density tends to prevent it. The dimensionless 
constant M is sometimes called the Eeynolds number. 

Dimensions in Co-ordinate Geometry. Co-ordinate 
geometry is a branch of mathematics in which the 
properties of curves and surfaces are investigated by 
means of algebraic equations which express func- 
tional relationships between the co-ordinates of every 
pointon the curve or surface. Thwe co-or^a.teshave 
an jbj eotive^me ftning . They are the distances of a 
point on the curve or sorface from the exes or planes of 
reference, and, accordingly, the co-ordinates each have 
the di mensions of a len^i. As the equations of co- 
ordinate geometry likewise have an objective meaning, 
all tho terms of such equations must have the same 
dimensions. If an equation in co-ordinate geometry is 
algebraically homogeneous, that is, if the sums of the 
indices of the factors of each term are all equal, then 
each quantity, whether vodablo or constant, will have 
the dimensions of a lengtii. Otherwise, and if the 
equation is not homogeneous algebraically, some of the 
quantities will have a dimension other than that of a 
length. 

Consider, for instanco, the equation to a straight line 
in the co-ordinate geometry on a plane. This equation 
can be written in several ways. One form of the equa- 
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tion 13 ^ + ^ — This equation is algebraically homo- 
geneous ; the sum of the indices of the terms on the 
left-hand side ia -f 1 — 1 or zero and this corresponds to 
the dimensions of the pure number 1 on the right-hand 
side, a and 6 therefore each have the dimensions of 
X and y, that is, each stands for a length. Actually, of 
course, a and 6 ate the intercepts in the boiiiontal and 
vertical axis determined by the curve. 

Another form of the straight-line equation 13 
ysi + px. Here, as y has the dimension I/, b is a 
length, px also has the dimension L, so that, as 7 b a 
length, p must be a dimensionless number, or the ratio 

of two lengths. If we convert the equation r=l» 
d GO 

to yss6 -~x, we see that p is minus the ratio of the 
a ^ 

intercepts b and a , it is the slope of the line. 


Ix^ 

ho 

hand terms is 3, while that of the right-hand terms is 1. 
I, m and n cannot therefore »U stand for lengths. The 

more usual form of the equation ^ alge- 

braically homogeneous. a and b each have the 
dimensions of a length, and, as a matter of fact, they 
are the horizontal and vertical axes respectively of the 


closed curve. 

j- - • . . , . 

elli 

COE ■ t 

with the curve are coincident, then, if the statements 
of the basic equations are algebraically homogeneous, 
every intermediate equation in the calculation will 
also be homogeneous, and a partial check of the 
accuracy of the working can be obtained by inspection 
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at everj* step of the reasoning. If non-homogeneous 
equations are used, this check by inspection is not 
possible. 

The expression or equation for the slope of a curve, 
obtained by difFerentdation or by algebra, must have 
every term of zero dimensions in length, for a slope is the 
ratio of the lengths of tiro lines at right angles. Similar- 

iy, the second diSerential coefficient of the equation 
to a curve has the dimensions of slopo -^-length, or, as 


slope is dimensionless, of 


The curvature of a 


circle is the reciprocal of its radius and has the dimen- 
sions i”*. The second differential coefficient of jr in 
the equation to a curve therefore has the same .dimen: 
rioQS a sJt s curvat ure, 

^^^^en the equation to a curve is given in a non- 
homogeneous algebraical form, the nature of the con- 
stant factors can gften .be inferred by recollecting the 
foregoing principles. Thus, suppose that the equation 
to a parabola is given as : 


i/=tt-{-6r+cx’. 


As y is a length, each term on the right-hand side 
must have the dimensions a is therefore a length ; 
it is the intercept cut off by the curve on the vertical 
axis of co-ordinates. As has the dimensions L, b 
must be a dimensionless factor ; it is a slope, and, as 
when X is exceedingly small so that a:® can be neglected 
the equation becomes if=a-i-bx, we see that b is the 
slope when x=0 and where the curve cuts the vertical 
axis. Similarly, cx- has the dimensions L, so that 

L=cL-, end the dimensiems of c are y or L-^. c, there- 
in 

fore, has the dimensions of a curvature, and, as a 
matter of fact, 2c is the curvature at the point on the 
curve where the,dope is zero. 



CHAPTER IV 

DIMENSIONAL THEORY OF THE DYNAIHCS 
OF ROTATION 

Dynamics of Rotation^ In Chapter II ve worked out 
tho dimensions of tho various quantities that occur in the 
Bimplo branch of dynamics which may bo termed tho 
dynamics ofa particle or the dynamics of translational 
motion, and wo there ignored those quantities thatoceur 
in that moro difllcult branch of tho whole subject of 
dynamics, tho dynamics of rotating bodies Not only 
is this latter branch tho more difScult, but, as wo shall 
800 and explain in tho present chapter, tho application 
of tho theory of dimensions to it gives rise to ddSculties 
and ambiguities which are not found in connection 
with tho elraplor branch of the eubject considered In 
Chapter II. Soforo proceeding to tho working out of 
tho dimensions of tho quantities occurring in tho dyna- 
mics of rotation, it will bo well for us to recall that tho 
two branches of tho whole subject of dynamics are 
strictly anoiogous, In thot to every quantity in trans- 
lational dynamics, there is an exactly corresponding 
quantity in rotational dynamics, and that to the basic 
laws of tho translational dynamics there bio tho 
onalogous laws of rotational dynamics. Thus, we can 
pass from tho simpler to tho more dilficult branch of 
dynamics by a list of terms end stotements of rules 
which forms a kind of dictionary. This dictionary is 
given in the following tablo ; 

Tratulalional Dynamics Jiolaiional Dynamics 

l<cngth or distaneo Anglo 

Velocity Angular velocity 

Acceleration Angular acceleration 

Moss Momcntpfmertia_ 

Tima Time 
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Translational Dipiamics Rolalional Dynamics 

Momentum Angular momeatum or 

moment of momentum 

Force Conple or torque 

Work and energy Work and energy 

Force =ii3ass x acceleration Torqne = moment of in- 

ectia X angular accelera- 
tion 

'W’ork=foEce xdistance Work=torquex angle 

Kinetic energy =» |masa x Kincticcncrgy = i moment 

(velocity)® of inertia x (angular 

velocity)® 

In the above list ire see that time, and work and 
energy are common to the two systems. We have 
already eoen in Chapter 11 that the units of angular 
velocity and acceleration are respectively the rSdian 
per second, and the radian per second per second. 
Energy, work and time units are common to the two 
systems. We shall see that couple or torque is measured 
by force multiplied by distance, the ‘ arm ’ of the 
couple. The unit couple in the c.oA. system of units is 
the gram centimetre ; in the British Engineers’ System, 
the unit couple is the Ib.-ft., the term ]b.*ft. being used 
to distinguish the unit couplo from the unit of work 
which is the ft.-lb. 

Dimensions of Quantities in Rotational Dynamics. 
The dimensions of the kinematic quantity angle, or 
amount of turning, and the derived quantities, angular 
velocity and angular acceleration have already been 
dealt with in Chapter H. We have there seen that as 
kinematic angle is measured in radians by the ratio of 
circumferential movement to radial distance, the 
dimensions of angle, in terms of M, L and T are 
or, sjTnbolically, M^L^T”. Angle is a quan- 
tity of zero dimensions, and it is tiierefore dimension- 
ally similar to a pure number. Consequently, the 
quantity ‘ angle ’ cannot enter into an ordinary 
dimensional formula. The dimensions of angular 
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velocity and angular acceleration are as we have seen, 
Zr“* and Z<~* respectively. 

The moment of inertia /, of a body in reference to an 
assigned axis is defined by the formula i7wir* where m 
is an infinitesimal element of mass and r is the distance 
of this element from the assigned axis. Otherwise, 2 is 
equal to the whole mass of the body multiplied by the 
square of the radius of gyration, which latter quantity 
depends upon the shape and size of the body anil the 
position of the assigned axis relative to it. The dimen- 
sions of moment of Inertia are therefore those of mass 
multiphed by (length)* or ML*. 

The angular momentum of a rotating body is the 
produot of its moment of inertia about tho axis of 
rotation by its angular velocity, or Iu>, where a> stands 
for Angular velocity. The dimensions of an^lar 

momentum are therefore Jlfii* 

The moment of the momentum of a particle of mass 
tn, moving in a circular path of radius r, with a circum- 
ferential velocity V, is defined as mvr. The dimensions 
of moment of momentum are therefore 


Mx^kL = ML^T-‘, 


and these are the same as the dimensions of angular 
momentum. 

Torque, couple, or the twisting effort of two co- 
planar and equal parallel forces of the same magnitude, 
but acting in oppo'sit® diiectioiis, is measured by the 
product of the measure ofoneof the forces by that of the 
distance between their directions The dimensions of 
torque or couple are therefore those of force x length 


,i.=^=MLV-y 


We can use the foregoing resuK;^ to check the dimen- 
sional consistency of those laws dr principles of the 
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dynamics of rotation, listed in the above table, which 
correspond to the basic prinraples of the simpler trans- 
lational dynamics. 

From torque =moment of inertia x angular accelora- 
ation we have, substituting dimensions, 




ML‘ 


which is correct. 

Similarly, torque x angle =work, we have, as angle 
is a dimensionless quantity in terms of M, L and T, 

‘ Lastly, from kinetic energy= J moment 
of inertia x angular acceleration we have, substituting 
dimensions, x^ , which also is correct. 

The principal laws or rules of rotational dynamics are 
therefore dimensionally consistent. 

Notwithstanding this consistency, there is one striking 
anomaly in the dimensions wo have deduced for the 
quantities occurring in the dynamics of rotation ; the 
dimensions of couple or torque are identical mth those 
of work or energy, In o ther words, two quan- 

tities essentially different in j»hysical oJiaraoter have 
the same dimensions.^ 

Now, although this anomalous result does not contra- 
dict the fundamental principle or axiom enunciated at 
the beginning of Chapter III, that the dimensions of a 
physical quantity can be stated in one way only, it does 
introduce an ambiguity into the dimensional formulae 
of the dynamics of rotation. In translational dynamics, 
a quantity having the dimensions ML-T~^ is recognised 
at once as standing for work or its equivalent, energy ; 
in rotational dynamics, this dimensional formula is 
equivocal, it can stand mthea: for energy or torque. 
The cause of this ambiguity attaching to the dimen- 
sional formula, is very clear. In translational 
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represent variable or kinematic angle in terms of the 
fundamental dimensional entities, mass, length, and 
time. The only way to bring this variable quantity 
into dimensional equations is to treat it as a fourth 
dimensional entity, and to assign to it a special dimen- 
sional symbol. Ixst us represent the new Hirn enH inn, 
angle, by tho symbol [^]. Tho dimensions of quantities 
in tho d3mamics of rotation will then be expressed in 
terms of four fundamental entities, Jlf, h, T and 
Using this new dimensional symbol, the dimensions of 
angular velocity and angular acfceloration are respec- 
tively and 

The assignment of a dimcnsionol symbol to angle 
removes at once tho ambiguity of tho identical dimen- 
sion of the dissimilar quantities torque and work. For 
as torque x angle is equal to work, wo have the dimen- 
sional equation : 


[torque] x [^] 

whence thodiraensions of torquooro or V**- 

Wo can now go forward and calculate the dimensions 
of other quantities in rotational dynamics in terms of 
tho four fundamental entities, Jlf, L, T and tp. As 
torque = moment of inertia x angular acceleration, we 
have tho dimensional equation, 

ML* , r- _*■ 'f‘ 

= moment of inertia x ~ , 

•whence, tho dimensions of moment of inertia, deduced 
from dynamical considerations, are 

As angular momentum is equal to moment of 
inertia x angular velocity, we have, for the dimensions 
of angular momentum, 


T 
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Let US check the consist^cy of the relation, Iiinetic 
energy of rotation. moment of inertia x (angular 
velocity)-, in terms of the four dimensional entities. 
The dimensional equation is : 

T- ~ y2 ' 


which is correct. 

Let us now return to tLe problem considered in the 
previous section, and see whether the use of a dimen- 
sional symbol for variable angle sheds more light on the 
law determining the periodic time of torsional oscilla- 
tions. We can now re-st-ate the dimensions of the 
quantities in the tentative formula tg=KI’0''ai*. The 


new dimensions of I are . those of C, torque per 
unit angular displacement or torque divided by angle, 
are ^ dimensions of amplitude « 

are tp. Thus, we have this dimensional equation : 


T=i3IL^-*y X X [^]*, 


equating dimensions of if, L, T and wo obtain : 


0=a + y, 

0s=2a: + 2y, 

I=-2y, 

0= -2x-2y+z=s -2{x+y)+z. 


From the third and first of these equations wc obtain 
y= - J and «= From the fourth, by substituting 
x + y = 0, from the first, we obtain z = 0. Thus we can 

deduce, first that as before, and secondly, 

what we were unable to deduce in the previous calcul- 
ation, that 2 = 0, and that, consequently, the angular 
amplitude cannot enter into the formula for the periodic 
time /j. Otherwise, is independent of the amplitude. 
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and conseq^uently, tte tor&ion&l oscillations are iso- 
chronous. 

The Meaning of Angle in Dimensional Formulae. 
Although the use of an additional dimensional symbol 
for kinematic angle enlarges the scope of dimensional 
analysis as applied to the subject of rotational dyna- 
mics, -we must not OTerlook the fact that, at first sight, 
this new symhol appears to have eliminated some 
inconsisteocies at the expense of the introduction of 
others. Thus, although assigning the dimensions 
to torque has rationalised the dynamical 
formula torque x angleawork, and has given a dimen- 
sional formula for torque srhich is different from that 
for work, the additional symhol seems to have intro- 
duced an mconsistency in the fundataental definition of 
torque as force x distance, for the dimensions of this 

product are xL. If we consider that the dimen- 


sional formula represents in some way the product 

. .. . V ML L . 

force X distance, this can he shown as 


which it appears that, in the torque definition, force is 
multiplied by a quantity having the dimensions, not L, 


but ^ . We observe that, in terms of M, L, and T, the 
dimensions of It and ^ are identical, and that -r stands 
for the dimensiona of a length, as does the A- in the 


dimensional expression for force. What then is the 


ohjective significance of the dimensional expression 
^ , for the quantity bywhichforceismultiplied to obtain 

the measure of torque or couple! We can put this ques- 
tion in another form : what is the essential difference in 
the two statementa that force x d istance ^equal.to 
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work, and thatforce_xdistaiice iseq^ual to tortjue? Tke I 
answer to this question is easily given. Distance, in > 
the formula for work is in the same direction as the 


force ; distance in the formula for torque is in a direction 
perpendicular to that of the force. This means that 
in the dimensional equation corresponding to the 

4- * ^ * V ilfD D ML^ 

statement, torque =iorce x distance, or -=r x -r=~ , 
2 , ^ r- ^ T-4i 

^ is a distance perpendicular to that of the L in the 

dimensional formula for force, which latter L, of 


course, corresponds in direction to the force or to the 
acceleration that it produces. In reference to the 
rotation produced by a torque, tho L in the force factor 
of the dirn engiriTifll formula is a circumferential length, 

while the ^ corresponclmg to the arm of o couple is in a 


perpendicular radial direction. We can justify the 
dimensional symbol, indicatmg perpcndiculaT rela- 
tion between two directions, for angle is measured as 
the ratio of a circumferential to a radial length. 
[ifi] therefore has the dimensions, circumferential 
length -fradial length, so that, in reference to a circum- 
ferential length of dimensions L, a radial length should 

have the dimensions -r , which is what we found from 

dynamical considerations. Tho dimensional formula 
for torque is therefore a consistent one and 
it shows that, dynamically, torque can be measured in 
terms of work per radian of angular movement. The 
dynamical unit of torque in the British Engineers’ Sys- 
tem would then be I ft.-Ib. per radian. 

Again, consider the qu^titiea angular momentum 
and moment of momentum. We have seen that the 
dimensions of the first quantity in terms of M, L, T and 

^ are -^n~ • moment of momentum of a rotating 
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particle lias been defined as tncr, an expression into 
which angle does not enter and appears to have the 

dimensions — . If, however, we reflect that p is a 

cinniinferential vclodtj' while r is a radial distance, the 
aigoment in the preceding paragraph showa that one 

L in the formola is radial while the other is 

circnmferentiaL As the circtunferential L is assodated 
with the il and the T, the radial dlstanoe r should have 

the dimeziaioas so that the correct dimensional 
formula for moment of momentum £3 which 

agrees with that for angular momentom. 

Laatly, consider the centrihigal force exerted hy a 
particle of mass m, coostrained to move in a cLrcolar 
path of radina r, with a circwoifeiential velocity r, and 
an angular Telocity <». Hie centiifljgal force can be 

calcnlated fipom three formnlae, f~rnrxa, and 

/ssspJoiV. The dimensional equations corresponding to 
these formulae are, at first thought : 

r« tr ^ 

(n^M44=^. 

and these dimensional equations are inconsistent. 
Here, however, as in the calculation, of moment of 
znomentmn, we must tahe account of the fact that the 
radial distance r is perpendicular to the direction of r, 

this Bubstitation is made, the dimensions of / wort ont 
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to be 


ML4> 

2-2 


from all three equations, and dimensionally 


they become consistent. But a serious difficulty still 
remains. Wo have arrived at two distinct and different 
dimensional formulae for force, MLT-^, and MLT-^tp, 
and this conflicts with the fundamental axiom or 
principle of dimensional analysis, that the dimensions 
of a physical quantity can he stated in one way only, 
unless we can assign some objective difference between 
a centrifugal force of dimensions and a force 

having the dimensions MLT-K A little reflection will, 
however, show that there is such a difference. In 
translational dynamics, a force accelerating a mass is 
conceived to change the magnitude of its velocity ; a 
centrifugal force acting on a mass moving in a oiroulai 
path continually alters the direction of the movement but 
leaves the magnitude of the velocity unchanged. The 
action of tlij _:ffigt h^ind of fqreo does, .work pn_thp mass 
for. it increases its velocity, and, hence, its kiM^ 
eneir^r" The centrifugal force, although acting con- 
‘tiSuaUy on the mass, leaves its kinetic energy due to its 
circumferential velocity unchanged and, therefore, does 
no work. When the first kind of force acts through a 
definite distance, this is represented by the dimensional 

formula x L wliich represents work, or 


energy. The second kind of force, or centrifugal force, 
in conjunction with circumferential movement is 

represented dimensionally by - xL=~ , and 


as the dimensional expression representing torque 

is essentially different from representing energy or 
work, so is . If a radial force acts on a body 

moving in a circular pstli, in opposition to centrifugal 
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force, BO as to dimixush the radius of the path, then work 

will be done, for as radial distance has the dimension % , 

- 

this will correspond dimensionally to — 

which is the dimensional expression for work. In this 
case, we know that the action of the force leares the 
moment of momentum, rotr, unchanged, so that, as 
r decreases, v must increase, the kinetic energy of the 
rotating mass, increases also, and this increase of 
kinetic energy corresponds to the work done in, opposi- 
tiou to the centrifugal force. Thus the dimensional 
r._. ,. 1 . r . . I tr.. . •rr/Tt.^i -iji bs justified. 

’ * table collects 

ch bare been 

deduced in reference, first to the fundatnental entities 
of .If, Z and 7* and also in reference to itf, Z, T, and ^ 
or kinematic angle. 

Dimensions of Quantities in tbe Dysaanics of Eolation 


Quaniity 

Jf.LaniT 

M,L, Tandilt 

Angle 

Zero dj. 
mensions 

4‘ 

Angular velority 

2«-i 

T-^4, 

Angular acceleration 

(r~* 


Time 

T 

T 

Moment of inertia 

ML* 

ML*<(>-* 

Angular momentum 

ML*T-* 

ML*T-^ 

Moment of momentum 

ML»T-^ 

ML*T-^ if,'* 

Couple or torque 

ML*T^ 

MJAT-* if'* 

Work or energy 

ML*T-* 

Mzyr-* 

CJentrifagal force 

MZ*T-* 

ML*T-* if 


Moment of Inertia of Geometrical Figures. A guan- 
tity generally termed xncunent of inertia enters into the 
calculations of the defiectiona of beams under various 
conditions of loading, whiA is real] 3 ^a geometric al _ 
characteristic of the figure of the cross-sectmn of the 
beam in reference to a BtQmlated lino or axis. This 
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moment of inertia of a geometrical figure is defined by 
the formula Sar^, ■where a stands for an infinitesimal 
element of area, and r for its distance from the assigned 
axis or line. The dimensions of this quantity are 
L® xL-=-L*, and it is of a different character from the 
moment of inertia that determines the Idnetio energy of 
a body rotating -with unit angular velocity. The quan- 
tity Sar^ is best termed a s econd moment, and to con- 
vert it to a tr ue momentof inertia it must be multiplied 
by the mass of unit area, considered constant. This 
M 

gives which agrees with the dimensions 

of moment of inertia in terms of M, L and T. 

To illustrate this point, consider the formula for the 
deflection d of the free end of a beam of length I, loaded 
with ft weight W, at the free end. This formula is : 

^ 1 in® 


where E is Young’s modulus for the material of the 
beam, and I is the so-called moment of inertia of the 
figure of section of the beam about an axis through its 
centre of area. IF, the weight, has the dimensions of a 

F 

force or [J’j. E has the dimensions of stress or ^ . 

Thus, substituting dimensions in the formula, and using 
ML- for those of I, we obtain : 


L^[F]y.IJ^y. 


IL 


and the dimensions of the two sides of the equation do 
not agree. 

When, however, we use the dimension L* of a second 
moment, for I, we obtain : 




which is correct. 



CHAPTER V 

DDIENSIONS OP THER3IAL QUANTITIES 

Quantity of Heat. If a body absorbs heat its tempera* 
ture rises ; if it loses heat, its temperature falls. The 


posed, called ita specific heat, s. Otherwise Qsirn^a, 
where Q is the measure of a quantity of heat in terms of 
ta, ^ and s, or in, what are usually called thermal units 
The quantity, specific heat, «, is defined as the ratio of 
the heat required to produce unit rise of temperature 
of the body to that required to produce the same 
temperature rite of an equal mass of pure water. 
Accordingly, thermal units are quantities of heat re* 
quircd to produce unit temperature nses in unit masses 
of water. There are four kinds of thermal units in 
common use. The mean British Thermal Unit, 
B.Th.U., is the l/180th part of the heat required to 
raise the temperature of 1 pound mass of pure water 
from the melting point of ice to the boilmg point of the 
water at standard atmospheric pressure. Otherwise, 
the B Th.!!. is appiojamately defined as the heat 
required to raise the temperature of a pound of water 
by 1 degree P, The Cientigrode Heat Unit, C.H.U. or 
pound-calorie, is the 1/lOOth part of the beat required 
to raise the temperature of o pound of water from the 
melting point of ice to the boiling point of water at 
standard pressure, or approximately the heat required 
to raise the temperature of a pound of water by 1 
degree C. The scientific unit of heat, the calorie, or 
gram-calorie, is the quantity of heat required to raiRe 
the temperature of a gram of pure water from 15 to 16 
degrees C. The great calorie, or kilogram-calorie, is the 
, «6 
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quantity of lieat required to raise the temperature of 
1000 grams of water by the same amount. 

According to the first law of thermo -dynamica, heat 
and work are equivalent. A definite quantity of work 
will produce a corresponding quantity of heat, and a 
definite quantity of heat can be produced by the 
dissipation or disappearance of a corresponding amoimt 
of mechanical work. Quantity of heat can therefore 
be measured in dynamical or work units by the amount 
of work required to produce it. Thus, dynamically, a 
quantity of heat may be measured in ft.-lbs. in the 
British Engineers’ System of units, in ergs in the O.Q.s. 
system, in joules in the m.k.s. system, or in kilowatt- 
hours in electrical units. 

The measures of a quantity of heat in these two ways 
are of an essentially different character, Heat is 
objectively manifested by the fact that its absorption 
produces temperature rise ond consequently actual 
measures of heat as beat must depend upon a tempera- 
ture magnitude. The dependence of temperature upon 
the fundamental dynamical units of mass, length and 
time is not apparent. Further, measures of heat as 
heat are stated in terms of a reference substance, water. 
Measures of heat in thermal units do not therefore 
correspond to dynamical meosuros in an absolute sys- 
tem of units. Pleasures of heat in dynamical units, on 
the other hand, are really measures of equivalent 
mechanical work. The connection between the two 
measures of quantity of heat, or between the various 
thermal units and dynamical units of work, is given by 
numerical factors which are known as the mechanical 
equivalents of heat, and lurc denoted by tlie symbol J. 
To each tliermal unit of heat there corresponds a 
separate value of J for each djTiamical work um’t. 
Thus a B.Th.U. is equal to so many ft.-lbs., so many 
ergs and so many joules, and tlio number of ft. -lbs., 
ergs or joules is eacli a value of J, the mechanical 
equivalent of heat. 
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Temperature. Transfer or flow of heat may be con- 
ceived to be the result of a temperature difference, so 
that temperature is a kind of thermo-motive force. 
Accordingly, temperature diflerence is a factor that 
enters into a statement of the magnitude of nearly all 
thermal quantities. We have already said that, al- 
though temperature almost certainly depends in some 
way upon the fundamental dynamical entities of mass, 
length and time, the nature of this dependence is not 
known and it cannot be inferred with certainty. Un- 
certainty of the dimensions of tempexatui® is a funda- 
mental difficulty in the application of dimensional 
theory to the science of appHed heat, because, till the 
temperature dimensions can be assigned, the dimen- 
sions of other thermal quantities cannot be calculated. 
This difficulty can be overcome, or rather, avoided in 
two ways. First, dimensions of temperature in terms of 
* *" ' ‘ ' ’ * ■ isumption 

'justified, 
lection of 

, . ' . . cal units 

can be recognised and admitted, and temperature 
treated as an auxiliary dimensional entity to which 
a special symbol [5] is assigned. By this latter 
means, the dimensions of thermal quantities are 
worked out in terms of M, h, T and 6 We may note 
here an essential difference between an auxiliary 
dimension [0] for temperature, and the auxiliary 
dimension [^] which was used in Chapter IV for 
kinematic angle or amount of taming. Kmemstio 
angle is known with certainty to be independent of 
mass, length and time, and it is introduced as a fourth 
dimensional entity into the dimensional theory of 
rotational dynamics to give this theory greater gener- 
ality and precision. The use of an auxiliary dimen- 
sional symbol [^] for temperature does not mean that 
temperature is independent of J/, L and T, but that, 
in the present state of our knowledge, we are unable 
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to express in a dimensional formula the precise manner 
in "which temperature depends upon the iundamental 
dynamical entities. 

Dimensions of Thermal Quantities in terms of ilf, L, T 
and Q. We have seen that the measure of a quantity of 
heat, Q, in thermal units is giv^en by the formula, 
Q = 771 ^, where m is the mass of the body absorbing Q, 
ij) its temperature rise, and s its specific heat. The work 
equivalent to this quantity of heat, or its measure in 
work units, H, is connected with Q by the formula 
E =JQ, where J is the mechanical eqniv^ent. Specific 
heat, a specific property of a material substance, is 
defined as the ratio of two quantities of heat ; it is 
therefore a pure number of zero dimensions. If ■we 
substitute dimensions in the equation : 


we have' 


and 


RtsJQ^J 




The thermal capacity of a body, or the quantity of 
heat required to raise its temperature by unit amount, 

is ^ in thermal units, and has the dimensions 


Sleasnred in dynamical units, the thermal capacity has 
the dimensions and the specific ther- 


mal capacity of a substance, or the heat in djmamical 
units required to raise the temperature of "umt mass by 
unit amount has the dimensions the same 


as those of J. 

Latent heat is the quantity of heat required to pro- 
duce change of state without change of temperature in 
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unit mass of a substance. Its dimensions are therefor© 

those of — , or [6]. 
mm 

The coefficient of expansion of a substance is the 
fractional change in its length or volume per degree of 
temperature change A fractional change of length, is 
the ratio *" ' ’ ..... . 

length : 
pure nm 



The coefficient of absorption or emission, A , of a body 
having a temperature difference ^ relative to surround- 
ing objects is given by tbe formula : 


Tvhere — is the beat gained or lost per second , and a the 

area of its surface La which heat is absorbed or from, 
which it is emitted Substituting dimensions, we have, 
as the dimensions of A . 


The quantity of heat flowingpereecond, y , through a 

path of length I, and uniform cross-sectional area o, 
between the ends of which a temperature difference 4>, 
is maintained, is given the equation : 

I ’ 

where h is the thermal conductivity of the substance of 
the path. Thus : 
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and substituting dimensions of the quantities on the 
right-hand side of the equation, "we obtain, as the 
dimensions of k ; 




The diffusivity of a aubstance is defined as the 
quantity — , where h is the thermal conductivity and 
C the lieat capacity per unit volume. The dimensions 

of (7 arethoseof “ , where V stands for volume, or ^ • 
V<p Ir® 

Thus the dimensions of diffusivity are ; 


LTL^T ' 


The thermal resistance of a beat path is the tempera- 
ture difference of its ends required to produce heat flow 
at the rate of 1 watt, or 1 joulo per second. If P stands 

for power in watts, thermal resistance is equal to ^ • 

As the dimensions of power are , the dimensions 
of thermal resistance aro : 


p .ML\ 


Temperature gradient, the change of temperature 
per nnit length of a path of heat flow has the dimen- 
sions, Q -r-L or L~^B. 

The foregoing theory of tho dimensions of thermal 
quantities, based upon tho treatment of temperature as 
an auxiliary dimensional entity, is due to Rucker, and 
will he found in many textbooks. It avoids any 
assumptions about the ultimate nature of temperature 
that are at all questionable, but, as 0 almost certainly 
depends in some unknown waj' on M, L and T, it leaves 
the dimensional theory of tliennal quantities in a some- 
what vague and uncertain state. The thoughtful reader 
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may already hare noticed an apparent anomaly which 
arises firom this theory , the assigning of dimensions to the 
quantity J, the mechanical equivalent, which, at first 
thought seems to be a mere numerical conversion fac- 
tor, whereby, from the measure of a quantity of heat in 
terms of one unit, its measure in terms of another unit 
may be calculated. 

Dimensions of Thermal Quantities in terms of M, L 
and T. The use of a special dunension&l symbol for the 
dimensions of temperature can be avoided if it is 
assumed that the quantity J ia a. dimensionless con- 
version factor, so that the first law of thCTmodynamics 
asserts that a quantity of beat, defined by the formula 
has the same dimensions as those of the quantity 
of work which wiU produce it, and to which it is ob- 
jectively equivalent. As the dimensions of work are 
ML*T-\ and as s, specific heat, is a pure number, this 
dimensional identity leads to the equation ; 


or 


Temperature, therefore, has the dimensions of a square 
of a velocity. 

We may here observe that the assignment of the 
dimensions L*T~* to temperature can be justified by 
Joule’s kmetic theory of gases, accordmg to which the 
temperature of a gas is proportional to the mean kinetic 
energy of a molecule. The temperature of a mass of 
gas is therefore proporiioual to the total molecular 
kinetic energy divided by the mass of a molecule and 

has the dimensions, energy— mass, or 

The kinetic theory of gases is supported by much ex- 
perimental evidence, but it remains a theory and it 
refers only to one ideal class of substances. The 
deduction of the dimensions of temperature from this 
theory can therefore be regarded as no more than an 
indication that the dimensional formula L*T-* may 
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probably be true : it cannot be considered as a strict 
proof tiiat the' formula is correct. 

Having assigned the dimensions L^T-^ to tempera- 
■ture, the symbol [6] can at once be eliminated in the 
formulae in the preceding section that contains it, by 
substituting L^T~^ for 0. Thus J becomes a dimen- 
sionless number as does specific thermal capacity. The 
dimensions of latent heat become L^T-^, and those of 
coefficient of expansion, or 0-^, L-^T*. 

Coefficient of absorption, thennal conductivity and 
diffusivity all have dimensional formulae independent 
of B, and these formulae are therefore unchanged for 
the M, L and T system. 

Thermal resistance measured by i ■will have the 
dimensions : “ 


rs r* T 

_ V — = — ssAf-lT 

T* ML^ M 


The dimensions of temperature gradient will be sq-i-L 
or ixr-2. , ^ 


Dimensions of Thermal Quantities 


Quantity 
Quantity of heat 
Temperature 
Specific heat 

Meclianical equivalent, J 
Specific thermal capacity in 
dynamical units 
Latent heat 

Coeflicient of expansion 
Coefficient of absorption or 
emission 

Thermal conductivity 
DilTusivity 
Thermal resistance 
Temperature gradient 


M, L, T and 6 

M.LandT 

M9 

Mm'-i 

0 


Zero dimen- 

Zero di- 

sions 

mensions 





9 









IZrp-l 

if-ii-sya e 

M-^T 

L-^0 

LT-- 
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The Mechanical Equrraletit of Heat, J. The two sets 
of dimensional formulae for tliermal quantities are, as 
we have already pointed out, based upon two radically 
different conceptions of the essential character of the 
quantity J, the mechaoical equivalent of heat. The 
necessity for the use of the auxiliary dimensional sym- 
bol [6] arises because of the assumption that the 
measure of a quantity of heat in thermal units has 
dimensions different from those of the quantity of work 
to which, according to the first law of thermodynamics, 
it is exactly equivalent A dimensional formula in 
terms of the dynamical entities L and T is assigned to 
temperature on the assumption that the measures of 
quantity of heat and equivalent amount of work have 
the same dimensions The one assumption assigns a 
dimensional formula to J, the other treats J* as a 
dimensionless number. Each of these ideas raises 
difficulties. From one point of view J appears plainly 
to be a mere numerical conversion factor. As volume 
or capacity can be measured either in cubic mches, 
cubic feet and eo on. in one way, or in pints, quarts and 
so on in another, to each measure in the one kind of 
unit such as cubic feet, there will be a conversion factor 
for turning this into the equivalent in pints or quarts, 
and these conversion factors will all be dimensionless 
numbers. So, it would appear, to each measure of heat 
in such thermal units as B.Tb.U.’s or calories there will 
correspond a conversion factor for turning this measure 
into the equivalent in ft -lbs or ergs and so on, and that 
these factors are dimensionless numbers. On the other 


hand, the assumption that <f is a dimensionless number 
leads to another difficulty, that the quantity specific 
thermal capacity, or the heat required to produce unit 
temperature rise in unit k^ss of a substance, is a 
dimensionless number liV^roKcifio heat defined as the 
ratio of two quantities 

We can explaim-incJ fflustrateH^^ diffic^ty best by 
an analogy. Cruder thoeqaaCio^^"^-'^^ ' “ 
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the mass of a body in. grams, S its specific gravity, and 
V its volume in cubic centizuetres. As specific gravity 
is the ratio of Wo masses, it is of zero dimensions, so 
that “we have the dimensional formula M=L'^. This 
dimensional formula will not fit an absolute system of 
units in which the mass and length units are arbitrarily 
defined. In fact, the formula implies that the mass unit 
is defined in terms of that of unit volume of a standard 
substance, water. Thus M is a dimensional 
equation which is not universally true. The general 
relation between m and V, m—cV, is true only if c is, 
not specific gravity, but density, defined as the mass of 
unit volume of the substance concomed, and density is 
of course a dimensional quantity. The equation 
in=SV to be universaDy true must be modified by the 
introduction of another factor and be stated m =57(71, 
where oi is the mass of unit volume of water in the sys- 
tem of units that is relevant, vi is essentially a density 

of dimensions ^ so that the equation m=5Fc7i is 

dimensionally equivalent to 31=31. 

If the reader has followed and carefully considered 
the foregoing argument, he will probably be in a position 
to understand the doubt of tbe validity of assuming 
that J, the mechanical equivalent of heat, is a dimen- 
sionless conversion factor. The measure of a quantity 
of heat Q, in units based upon a unit of mass and one of 
temperature difference, as wlzore s is a dimension- 
less ratio, is true only if the heat unit is defined in 
terms of unit m, unit <f>, and in reference to the standard 
substance, water, which is used to define e. As the 
formula, m=5F for mass in terms of specific gravity 
and volume is true only for a system of units in which 
the mass of unit volume of water is unity, so the 
equation Q=mt{>8 is true only for heat units in which 
the quantity of heat to raise the temperature of unit 
mass of water by unit mnount is also unity. Further, 
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as to make the equation m=SV true for any absolute 
system of units, the factor a,, the density of water must 
be introduced, giving Jn=iS'F£rj, where ^ ^ dimen- 
sional quantity, so, to make the equation true 

for a system of absolute units based upon arbitrary 
units of mass, length and time, an additional factor .f 
must be introduced giving Q=:Jtn^a, where J is the 
measure of beat in dynamical units required to pro- 
duce unit rise of temperature in unit mass of water, and 
is an essentially dimensional number hke o-j the density 
of water. In other words, J, the mechanical equivalent 
of heat, can also be considered as a physical character- 
istic of water, its specific thermal capacity in dynamical 
units. 

If the foregomg views are correct, then it seems that 
the theory of the danensioiis of theimal quantities 
based upon the assumption that J is a pure number, 
is fundamentally unsound, and that, notwithstanding 
the apparent sanction given by the kinetic theory of 
gases, the validity of the dimensional formula LYT-* for 
temperature is open to serious doubt. If the reader 
pursues his studies of appLed physics, he will find that 
the dimensions of thermal quantities are given in both 
of the above ways, that is, in terms of M, L, T and 
and in terms of .if, L and T only, and the latter system 
of thermal dimensions has the authoritative support of 
the late Dr. Lan Chester in his treatise ‘Theory of Dimen- 
sions ’ . Both sets of statements of thermal dimensions 
Jack the clarity and coherence of the dimensional theory 
of dynamical quantities, the relation of which to the 
fundamentals M, L and T can be worked out with 
certamty. This lack of clarity is, perhaps, a necessary 
consequence of the fact that a temperature unit has 
practically to be defined in reference to a physical 
property of a material body, water, or a gas that is 
supposed to approximate in fundamental character to 
a so-called perfect gas. Although there is a thermo- 
dynamic scale of temperature, it is not at the present 



DIMEXSIOXS OF THEB3IAI, QT7ANTITIES 77 
time possible exactly to define a temperature unit in 
terms of dynamical units. TUI this is possible, it Trould 
seem desirable to aroid the ambiguity and ireakness of 
treating J as dimensionless, and to retain the auxiliary 
dimensional symbol [fl] in the dimensional formulae for 
thermal quantities. 

The folloTTing table gives the various mechanical 
equivalents of heat, that is, the values of each thermal 
unit in terms of the three dynamical units correspond- 
ing to the British Engineers’, the c.G.s. and the m.k.s. 
systems. J is an exj^rimentaUy determined number, 
and at the present time its value is not knovm quite 
as closely as 1 part in 10,000. We shall see, in a subse- 
quent section, bow, given one value of J, others are 
caloulated. 


Mechanical Equivalent of Heat 


TeERMAT, ■U^•IT 

1 DrxAiacAi. Usrr 

JUbs. 

ergs 

joules or 
icaU‘ 
seconds 

E.Th.U. 

777-8 

107x10*® 

1070 

C.H.U. 

1400 

1-93x10*® 

1930 

gram-calorie 

3-09 

4-184 X 10* 

4-184 

kilogram calorie 

3090 

4-184 X 10*® 

4184 


The Gas Constant. The relation between the pressure 
33 , the volume F, and the absolute temperature if>a, of a 
so-called perfect gas is expressed by the equation, 

‘pV=mESa or -=.R^o, 

where m is the mass of the gas, o- its variable density, 
and ^ is a constant for the particular gas. These 
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equations are very approximately true for actual gases 
at temperatures considerably above the critical 
temperature, i? is often called the gas constant, and it 

is equal to • 

If we substitute the dimensions of the factors in this 
expression, then, as the dimensions of pressure are those 
of force —area we have for the dimensions of i? : 




and these dimensions are the same as those of We 
observe that the quantity pV has the dimensions 
ML*T~*, those of work, so that B, objectively, is work 
per unit mass per degree of temperature. JJ divided by 
J or~ gives the thermal eqmvalent of work, or thermal 
units per unit of mass per degree of temperature, j is 
of zero dimensions, and it has the character of a specific 

heat. Actually, is the difference of the specidc heats 
J 

of a perfect gas at constant pressure and constant 
volume, tho greater value of the former specific heat 
being due to the external work done in the expansion of 
the perfect gas, the internal work being zero 

If Vo stands for the volume of a mass m of gas at 
standard pressure Po and standard absolute tempera- 
ture c^n, then .R ^ ^ ° , where Po, Fj and m and are all 

TTlipo 

known quantities. Thus R can be calculated for any 
particular gas. If the mass m of the gas is what is called 
the gram-molecule, or that of a standard volume of 
22,320 cubic centimetres at standard atmospheric 
pressure, and at a temperature of 273 degrees absolute, 
rr 

the quantity — 2 is the same for all gases, so that the gas 
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constant E defined in this Tray is independent of the 
particidar gas, and has the inTariable value of 
S-14 X 10^ ergs per degree. This special value of E, 
divided by J, gives an eqiuvalent in thermal units, 
which is approximately 2 gram-calories per degree. 
Thus, for aU gases which approximate in characteristics 
to those of a perfect gas, pV=Eifa, where E is equal to 

8*14 X 10’ ergs per degree, and j is 2 gram-calories per 
degree. 

The several meanings of the gas constant must be 
carefully distinguished. R in the equation ~=E(^„ is 
expressed in work units per unit mass per degree and 
depends upon the particular gas, ~ is expressed in 

thermal units per unit mass per degree. If the equation 
pY =R^a Teiers to a gram-molccide of the gas and not 

to unit mass, E in work units per degree, or j in ther- 
mal units per degree, is independent of tbo gas, pro- 
vided that the temperature remains considerably above 
the critical value. 

Conversion Factors for Thermal Quantities. We have, 
in a previous section, discussed the merits of the two 
systems of dimensional formulae for thermal quantities, 
from the purely theoretical point of view. When we 
come to the practical use of these formulae in the cal- 
culation of conversion faotora, wo find that the system 
in which a dimensional symbol is retained for tempera- 
ture has material advantages. We shall illustrate the 
use of thermal dimensions formulae in this way by a 
few examples. 

What is the factor for converting B.Tb.U. to gram- 
calories 1 Here the units are those of a quantity of 
heat Q Tvith the dim enaiona MO. The basic factor for 
Jlf is the number of grams to one poimd of mass or 



one 
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462, and the number of Centigrade degrees to 
rahrenheit degree, or Thus : 

1 B.Th.'U.=454x| = 252 gram-calories. 

If the value of J, the mechanical equivalent of heat, 
is 778 ft.-lbs. per B.Th.U., what is its value in ergs per 
gram-calorio? Hero wo must note that in using 
dimensional formulae, the units in each statement of 
must be consistent . that is. each must belong to the 
same absolute dynamical system. Now the B Th.U. is 
not consistent in this way ; the work unit, the ft.-lb. 
corresponds to the British Engineers’ System^ while 
the mass unit, the pound, coireaponds to the r.p.s. 
system We must therefore change the given value of 
J from ft. -lbs. per pound per degree F. to ft.-lb^. per 
slug per degree F. This valueof J, consistent with the 
British Engineers* System of units, is therefore 
778x32'2, because 1 slug ofmasstt32'2 poimds. 

TJ?^ dianaiasiwajiJ /rwaitls For-J i? - As flo uzui 
1 • 6 ' 

of time is the same for both the British Engineers* and 
the c.o.s. systems of units, the required conversion 

factor depends upon -^,and it is the squareofthe Centi- 
metres in 1 ft. divided by the C degrees correspoiiding 
to 1 degree F. Tliese two basic conversion factoi^ are 
respectively 929 and f. Thus : 

J = 778x32-2x929xf 

= 7-78 X 3-22 X 9-29 x 1-8 x 10* 

= 419x10* 

= 4-19x 10’ 

Thus, alsc ' ' * " 

1 joule, or 1 

To conver . ; ■ ; 

C.H.U., the basic conversion factor is merely the 


ergs per gram-cMorie 
do. 
do. 
do. 
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degrees C. in a degree F. or f, so tliat : 

7 = 778-f|=I400ft.-lbs. per C.H.U. 

The thermal conductivity of slate is quoted as 
1 B.Th.U. per hour, per foot, per degree F. ; what is 
ite value in gram-calories per second, per centimetre, 
per degree C.1 Here the dimensional formula for h, 

thermal conductivity, is -=7?? the conversion factor 
is , where is the number of grams in 1 pound, 

453 ; Tio centimetres in I foot, 30*48 ; and the 
seconds in 1 hour, 3600. The conversion factor is 
therefore : ... 

Tij 453 

«8«j”30*48x3600 ’ 

The required value of k, the thermal conductivity in 
O.G.S. units, is therefore : 

453 

1 ^ ’^tT a 'o — 7T ^ 10“’ gram-calories per second per 
30*48x3*0 cm. per degree C. 

= 4*14x10“’ do. 

or, approx. 0-004 do. 

Example of the Application of Thermal Dimensional 
Formulae. A horizontal wire heated by the passage of 
an electric current andplacedin amoving coolingmedium 
will lose heat at a rate proportional to its length I, and 
to its temperature difference ^ relative to that of the 

medium. This rate, ^ per second per unit length 

per degree, depends also in some way on the velocity v 
of the medium, upon the product kxC where k is its 
thermal conductivity and G its thermal capacity per 
unit volume and upon the diameter d of the wire. 
S3TnbolicaUy : 


=6 X e® X {kC)^ X d~, 


where 6 is a dimensionless constant. The dimensions 
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O-f C are those of Q per deffreo per unit of Tolume or 
' Substitutmg the dimensions of other 
quantities, wo have, as the dimensions of (W7) are 

LT^ L'^~L*T ' 

K] =^= « [t]-, 

and, equating dimensions of Jlf, L and T in the usual 
way, we obtain : j 

- Iasar-4y-fr, 

- ls= -a-y. 


From tho first and third equations we hare y=s J and 
and Bubstitutmg these values in the second 
equation: or z = \, 

so that ^^{vlCd). 

If the temperature difference tft is constant, the rates 


per unit length which is proportional to ^ . Thus, for 
an assigned steady temperature rise, 

^ is proportional to Vrf, 

and J, the current required to produce this temperature 
rise, is proportional to J(d^ x -/d) = for fixed values 
of V, k and Q applicable to the cooling medium. This 
shows that if the fuse-clement wire of a fuse is cooled 
by convection only, tho current required to raise the 
temperature of the fuse wire to meltmg point is pro- 
portional to the J power of its diameter. 



CHAPTER VI 

DIMENSIONS OF ELECTRICAL QUANTITIES 

Electrical Units, The applications of dimensional theory 
to the science of applied electridty raises difficulties of 
a more serious character than those so far encountered. 
Hitherto, it has been found desirable to introduce into 
dimensional analysis a symbol for a dimensional entity 
additional to those for mass, length and time, for two 
reasons ; the first, to give greater generality to the 
dimensional formulae for the quantities applicable to 
the dynamics of rotation and, tbs second, to avoid an 
insufficiently justified assumption of the dimensions of 
temperature in tenns of M, L and T. There was no 
essential need for these additional symbols ; the 
dimensional formulae of the dynamics of rotation are 
customarily expressed in terms of JIf, L and T only, 
while the ascription of the dimensions for 

temperature has authoritative sanction. When, how- 
ever, we come to work out the dimensions of electrical 
quantities, the use of a fourth dimensional symbol is 
foimd to be absolutely necessaiy in order to avoid a 
contradiction of the fundamental axiom or principle, 
that the dimensions of a physical quantity can be ex- 
pressed in one way only. The question in the applica- 
tion of dimensional theory to applied electricity is not 
whether an additional symbol is desirable, but what 
quantity is best chosen as a fourth dimensional entity. 

There are two distinct absolute systems of electrical 
units which are based upon the fundamental c.g.s. 
units of length, mass and time. The O.q.s. Electro- 
static system depends upon the idea of an isolated 
quantity of electricity on the surface of an insulated 
body. The definition of electrical units in this system 
is based upon the law that two identical quantities of 
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electricity, q, eupposed to be concentrated at points at 
a distance r» in a medium, of permittivity k, will be acted 


upon by a force that is proportional to • A quantity 

of electricity, or a charge as it is sometimes termed, on 
the surface of a body, tends to escape to earth, and this 
tendency ia called the potential V. The product qV is 
proportional to the energy in the charge. The per- 
mittivity of a medium, if, is usually de£ned as the ratio 
of the quantity on a defirute body for unit potential in 
this medium, to the quantity for unit potential in a 
vacuum or in free space Tbepennittivity of free space 
is therefore unity. Unit quantity of electricity in the 
0.0.9. Electros tatio system isdefmedas tbatwUoh wiU 
act upon a similar quantity at one centimetre distance 
in free space with a force of 1 dyne. Unit potential 
associated with unit quantity corresponds to 1 erg of 
energy. Unit current rs the flow of unit quantity In 
unit tune, or one second 

The second absolute system of electrical units is 


upon by a force proportional to , and unit magnetic 


pole is defined as that which will act upon a similar 
magnetic pole at 1 centimetre distance in free space 
With a force of 1 dyne. The property, permeability, 
of a medium is based upon the conception that a 
magnetic pole is the origin of lines of magnetic fins 
which arise from a magnetising force. The permeability 
/I of a medium is defined as the ratio of the magnetic 
flux produced by a stipulated magnetising force in a 
stipulated path in the medium, to the flus produced by 
the same magnetising force in the same path in free 
space. The relation of dectric current to magnetic pole 
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strength depends upon tiic law that if a current I flows 
in a circular path of lengtli I and radius r, a magnetic 
pole of strength m. at the centre of the path will be 

acted upon by a force proporUonal to , and this 

force is independent of the medium in which the action 
takes place. Unit current in the c.g.s. Electromagnetic 
system is defined as that which, flowing in a circular 
path 1 centimetre in length and 1 centimetre in radius, 
will act on unit magnetic pole at the centre of the path 
with a force of 1 dyne. Unit potential difference caus- 
ing the flow of unit corrent will correspond to power at 
the rata of 1 erg per second. The connection of electric 
current with the basic magnitude, unit pole, in the 
Electromagnetic system is much more remote than the 
corresponcUng connection of current and the basic 
magnitude, quantity or charge, in the Electrostatic 
system. 

We hare, thus, two distinct ways in which a unit of 
electric current or rate of flow of electricity can be 
defined in reference to the fundamental units, the centi- 
metre, the gram and the second, and an objectire 
current flowing in a conductor can be measured by 
either of these units. There is no essential reason why 
these two measures should be the same, or, in other 
words, why unit current in the one system should be 
identical with unit current in the other. But although 
the numerical measures of current in the two 85 'stems 
need not agree, the dimensions of the magnitude, 
current, deduced finm the physical laws upon which the 
definitions of the imits are based, must be the same 
because, according to the fundamental axiom of 
dimensional analysis, the dimensions ofthesamepbysi cal 
quantity can he expressed in <me way and only one way. 

Dimensions of Electrical Quantities. We have seen 
that electrical units, considered as derived units of the 
C.G.S. system make contact witb the simple dynamical 
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units in two ways ; first, in the specification of unit 
force of 1 dyne for the mutual action of unit quantities, 
unit magnetic poles, and unit current on unit magnetic 
pole, and secondly, in the principle that the association 
of unit quantity of electricity with umt potential 
difference corresponds to nmt quantity of energy or 
1 erg. Aa the quantities k and in the formulae for the 


flux m the r-** *— * 

quantities, 
reference t ^ 

similai in character to specific gravity and specific heat 
which refer to a reference substance, water, bo that k 
and f4 are magnitudes of zero dimensions. On this 
assumption we can easily work out the dimensions of 
current in two ways, the first through the law of the 
Electrostatic system of units, and the second through 
the laws of the Electromagnetic system. 

If we start with tho fundamental Jaw of the Electro- 
static system, we have for tho force acting on two 
quantities, each q in magnitude : 

F=\- or q^=Fr*K, 
r*K 

Bubstituting the dimeiisioua of F and r*, and assuming 
that K is dimensionless : 


r ,, ML ML^ 

[? ]— fpi — »rta 


and 

Aa current 2 is measured as q divided hy time, the 
dimensions of current are : 




If we start with the fundamental law of the Electro- 
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magnetic system of units, we have for the force F acting 
on two magnetic poles, each of strength m : 

F=~ or m‘=Fr'^ix, 

r-fL 

and, assu min g that ft is dimensiooless, we have for the 
dimensions of m®, or [m*] : 




JT2 


and 

The law connecting pole strength m with current 1 is : 


F: 


mil 


or 


/ 


Fr^ 

ml 


The dimonsLona of current [/] are therefore given by : 
r-T 3IL 1 1 


MU 


=M^I-W-T-K 


By following two separate h'ncs of argument, we have 
arrived at two dimensional formulae for electric current 
I ; the formula corresponds to the Electro- 
static system of units and tho formula to 

the Electromagnetic system. These two formulae are 
not in agreement as they should be according to the 
basic axiom of the theory of dimensions. There must, 
therefore, be some fallacy or false assumption in at 
least one of tho linos of ailment. A possible reason 
for the inconsistency of the two dimensional formulae 
is that one of the quantitative laws used to establish 
them is not true, but as the laws of electrical science 
have long acquired the final sanction of agreeing with 
experience and experiment we may reject this supposi- 
tion at once. The only other explanation of the 
dimensional inconsistency is that the assumption that 
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‘ ’ " ’ ■ ■ ' . * ■ bility ;i, are 

■ • * ■ mensionless, 

■ ' • , . To obtaia 

a correct formula for the dimensions of an electrical 
magnitude such as current, we must retrace oar steps 
and use an additional symbol for the unknown dimen- 
sions of either k or u. 

Ifwe' — ’ ‘ p • « • , . .-i- 

as define ' 

assign tl _ ' ^ ^ • 

permittivity, we have, iiom the basic equation 
g*=J’r*«, the dimensional equations ; 

r *1 r. 

and 

and the dimensions of current, being those of 
are given by : 

Similarly, by introducing a diroensional symbol [fi], 
for permeability in the fundamental law of the Electro- 
magnetic system of units we find that the dimensions of 
magneticpole strength are from the 

law connecting current I and pole strength m, F = — 5- 
Fr* ^ 

or /= — IT • obtain the duncnsional equation : 

ml 


[73 = 


MIl 

T* 


xjy X 

AIL* 


i _L 

1 




VTe have now obtained two dtstinct dimensional for- 
mulae for the same physical magnitnde, current, and 
these two formulae must be equivalent in that they both 
Tnpart the same thing. We can therefore equate them 
and obtain : 
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or' 


^=hT-K 


1 


The magnitude -j-p-Yj; where a: and/i stand respectireh' 

for the measures of the peimittlvity and the perinea biiity 
of a medium, has the dimensions of a velocity, k and 
cannot, therefore, both he dimensionless. We can 
express the dimensions of either /c or ^ in terms of the 
other, and L and T by the equations : 


We can proceed with the calculation of the dimen- 
sions of electrical quantities by using the relation that 
quantity of eiectricity q, or It, multiplied by potential 
or potential dilTercace V, represents energj'. Thus, 
using [«] as a dimensional sjTnboI, we Itave : 

[<7]x[rl=3/x=^-^ 

and [F3=3/X2r-5 x[3]-»=3/X*r-* x 3/-i<2X-3nr^-i/3 


And as electrical resistance is defined by V-~I, the 
dimensions of resistance [^) arc given by : 
[J?J=[F]x[/3-i 


Using [^] as the additional sjTubol and proceeding 
from the d^ensions of I as defined by the laws of the 
Electromagnetic S 3 'stem of units, we have : 

[V] =^ML‘T-- X [IF]-' =ML~T-"- x 
= 3/i«X3«T-V^®. 

and [XJ = [r3-[/j. 

. =3ni’-L^‘-T--tFi^ X 
= LT-V. 
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We shall see later how, having established dlmen- 
sionaj formulae for 1 and V, the dimensions of all other 
electrical and electromagnetic magnitudes arising in 
electrical technology can be deduced. 

The foregoing arguuenls have established two facts 
regarding the theory of the dimensions of electrical 
quantities. First, the assumption that the quantities, 
permittivity and permeability are dimensionless like 
specific gravity and specific heat, is unwarranted. One 
at least of these quantities must be dimensional. 
Secondly, one 'additional dimensional symbol is suffi- 
cient to exprcBC the dimensions of electrical magnitudes. 
This latter conclusion follows it should be noted, from 
two ptineiples or postulates, first that the dimensions 
of quantity of electricity multipbed by potential 
difference are those of energy, and, secondly that the 
force exerted by a current flowing in a circular path on a 
magnetic pole is independent of the medium in which 
the action takes place 

The dimensions of other electrical magnitudes in 
terms of M, X, T and k and in terms of Jf, L, T and n 
will be found on the table on page lOl. The reader 
will have noticed that, in this chapter, we have, for the 
first time, had to use fractional exponents or Indices for 
M, L and T in dimensional formulae. 

Ratio of the Magnitudes of Electrical Units. Owing 
to the different ways m which an electrical unit such as 
quantity is defined in the two s^’stems of units, the 
Electrostatic and the Bleclromagnetic, the measures 
of a quantityorchargeintermsofthe two units are very 
different numerically. The Electromagnetic unit of 
quantity is equal to 10 coulombs or 10 ampere-seconds, 
and this is enormously greater than the Electrostatic 
unit charge which would act on a similar charge at 
1 centimetre distance with a force of 1 dyne, and which 
is about equal to the charge communicated to an iso- 
lated sphere, 1 centimetre radius by a potential of 
300 volts. 
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But Tvhy, it may be asked, arc corresponding units of 
the tvro sj'stems different in magnitude, since each is 
referred ultimately to the same fundamental units of 
mass, length and time? The answer to this question is 
that, in definingthe two seta oftmits.ithas been assumed 
that the permittivity ;c and the permeability fi of free 
space each have the value unity- But as corresponding 
units do not agree in magnitude, this assumption must 
be wrong and the « and ft of free space cannot each bo 
equal to 1 ; if we assume unity value for one of these 
quantities, the other must have a value different from 
unity. 

We have seen in Chapter HI that the number of 
derived units of one system that is equal to one corres- 
ponding derived unit of another system depends both on 
the dimensions of the unit, and upon tbe ratios of the 
magnitudes of the fundamental units of the two aya- 
tems. Now, the fundamental units of mass, length and 
time in the Electrostatic and Electromagnetic systems 
of units are identical ; each is a e.G.s. system. The 
ratios of tbe magnitudes of corresponding units of the 
two systems must therefore depend in some way on the 
ratios of the measures of permittivity or permeability 
in the two systems. In tbe Electromagnetic system the 
permeability ft of fi-ee space is unity, so that the ratios 
of corresponding units of the two systems will depend 
in some way upon the measure of the permittivity of 
free space in the Electromagnetic system of units. At 
present, however, there is no means whereby this 
measure of permittivity can be made directly. 

We shall see later, however, how the ratios of the 
magnitudes of other corresponding units in the two 
systems can be measured experimentally. Suppose 
that it has been found that 1 Electromagnetic unit of 
quantity is equal to c Electrostatic units. Now, 
according to the basic law defining the Electrostatic 
system, if two such quantities, each of c Electrostatic 
units could be coitcenfrafed at points 1 centimetre 
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distance in free space, they would be acted on by a force 
c* c* 

equal to ^ ^ d3me3. If this law is to fit the 

Electromagnetic system of imits, so that unit quan- 
tities at unit distance are acted on by unit force in a 
medium for which k= 3, then for a medium, free space, 
in which the force is e* d3Tie3, we must have the relation 
1x1 

c* djTies where k is the measure of the permittiv- 

ity of free space in Electrom^netic units. Thus, k of 
free apace in the Electromagnetic system of units must 

have the value -= , and as the permeability of free 
* 1 

space in this system is I , the quantity — must be equal 
to e*. 

A comparison of the magnitudes of corresponding 


receive a charge of electricity is defined as — , where q 

is the quantity in the charge and V the potential. Now, 
the dimensions of capacitance, C, are those of q — T' or 

This shows 

that capacitance depends on linear dimensions and per- 
mittivity only, and, as a matter of fact, the capacitance 
of a body ofsuitablesbapecan be calculated precisely in 
Electrostatic umtsfromitsdimensionsandfrom the value 
of the permittivityoftheadjacentmedium assessed on the 
basis that the permittivity of free space is unity, fur- 
ther, the magnitude dimensions of ~ , for 

V 

resistance is equal to ^ . C, therefore, has the same 
j J 

dimensions as -=j, wh{^®*'®as a frequency’. Now, the 
Af iimetre 

Electromagnetic -“sistance can be made 
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precisely, and Maxwell devised an experiment in which 
• the Electromagnetic measore of a capacitance C was 
found in terms of known resistances and the frequency 
of an oscillating contact maker. From this measure 
and the Electrostatic measure based upon dimensions 
and capacitance, Maxwell foond : 

Electrostatic measure of a capacitance _g 
Electromagnetic measure of same capacitance 

J^ow, the dimensions of capacitance are [Lk] and, as 
explained in Chapter m, the number of Electrostatic 
capacitance units in one Electromagnetic unit must he 
WjUj where is the ratio of the length units and n- that 
of the permittivity units of the two systems. But = 1 
because the centimetre is the length unit for both sys' 
terns. The Electrostatic capacitance units correspond- 
ing to one Elecbromagnctio unit most be equal to n,, 
where is the ratio of the Electrostatic unit of per- 
mittivity to the Electromagnetic unit. Thus 712 must 

be equal to - where the 1 of the fraction is the Electro- 
static measure of the permittivity of free space, and k- 
is the Electromagnetic measure. Thus : 


and 


7J2 = 9 



K 


1 

9xl0»’ 


_ 1 _ 

Kfi' 


where /c and pstandrespectively for the electromagnetic 
measures of the permittivity and the permeability of 
free space, since the ft of free space has the value 
unity. f 

The permittivity of free space therefore has the 
numerical value 1/(9 x 10=®) Electromagnetic units, so 
that, if it were possible for two Electromagnetic unit 
quantities to be concentrated at points at 1 centimetre 
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distance in, a vacuum, they would be acted upon by a 
force of 9 X 10** dynes. 


We have seen that the quantity — has the dimensions 

Ijij'-i or those of the square of a velocity. According 
to theory, the velocity of propagation in centimetres per 
second ofelectromagnetic waves in free space is equal to 

where k and are the measures of the permittivity 
and permeability in any cos. system of units- The 


velocity corresponding to the quantity Electro- 


magnetic measure is therefore 3 x 10** centimetres per 


second, and this agrees with the velocity of light found 
by other methods. 

Practical Electrical Units. The o o s. electrical units 


of both of the systems so far considered are practically 
inconvenient for two reasons. First, the magnitudes of 
these nnits ate nnauitahle, and, secondly, the aconsate 
measurement of an electrical magnitude in terms of 
fundamental units is very difficult For these reasons, 
practical electrical units are defined objectively in 
terms of subsidiary fundamental units of current and 
resistance which, hy cvliauslive experiment, hare been 
proved to be highly approximate decimal multiples of 
the Electromagnetic units. 

The practical umt of current, very nearly equal to 
^th of a c.o.s. Electromagnetic unit, is defined as the 
unvarying current which, when passed through a 
solution of silver nitrate in water in accordance with 


standard specifications, deposits silver at the rate of 
0-001 118 grams per second. This unit is known as the 


‘ international ampere ’ . 

The practical unit of resistance, the ‘ international 
ohm which is very nearly equal to 10* o.o.s. Electro- 
magnetic resistance units, is the resistance to an 
unvarying current offered by a column of mercury at 
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the temperattire of melting ice, 14'4521 grams in mass, 
of a constant cross-sectional area, and of the length 
106-3 centimetres. 

From these concretely defined units, other derired 
electrical units follow. Unit potential difierence is 
giren at the ends of unit resistance with an unvarjing 
unit current. Unit potential difierence causing the 
fiow of unit current corresponds to I watt of power, or 
1 joule = 10* ergs per second. 

The only Electrostatic unit employed in practice is in 
the calculation of capacitance from linear dimensions. 
The result of such a calculation gives a measure in 
Electrostatic units. To convert this measure to c.G.s. 
Electromagnetic units, we have seen that it must he 
divided by 9x10®. But as the practical unit of 
potential difierence, the volt, is equal to x 10* where 
^ and 10* arc respectively the c.c.s. measures of the 
ampere and the ohm, the volt = 10* Electromagnetic 
units. The practical unit of capacitance, the farad, 
corresponding to a charge of one ampere second per 
volt is equal to 10x19* = 10* Electromagnetic units. 
Thus the farad measure of a capacitance is equal to its 
measure in Electrostatic units multiplied by 

l(P-(9xI0-)=j^. 

and micro-farads =Electrostatic units multiplied by 

I 

9 X 10* ' 

LLE-S. Absolute Electromagnetic Units. As the 
energy unit corresponding to the practical electrical 
units, the ampere and the volt, is the watt-second, 
jonle, or the newton-metre, these electrical units 
correspond to an absolute system in which the funda- 
mental units of length and mass are the metre and the 
fcDogram respectively. Unit magnetic pole in this 
i[.E.s. Electromagneric system will be defined as that 
which acts on a similar pole at 1 metre distance with a 
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unit force of 1 newton in a medium of permeability 
equal to unity. 

From tbe fundamental equation connecting current I 
with pole strength m, or F , we have m > so 

that the dimensions of m in terms of II, L, T and 
current, are : 

^ Ti I 1 ^ ML* 1 

^ ^ [Current 1~ ’^[Current] 

We therefore have : 

1 unit M.K.s, magnetic pole=^2^ cos unit poles, 

where is the number of grams in one kilogram, 1000 ; 
rif the number of centimetres in one metre, 100; 

because the time units in the two systems are the 
same, and nt is the number of o.o.s. current umts in 
one ampere, Thus : 


1 unit M.K.S. poles: 


1000 X 100* 

lx* 


= 10* c.o.s. unit poles. 


Now, two equal magnetic poles of strength 10* 
c.G.s. Electromagnetic units at 1 metre or 100 centi- 
metres distance in free space, will be acted upon by a 
force of : 


10*xl0* • 

— — = 10” dynes = 10’ newtons, 

as the permeability of free space in cos. Electro- 
magnetic units is 1. In u.E,s. units, these two unit poles 
at unit distance of 1 metre will be acted upon by a force 
of 10’ newtons in a medium ofpermeabiUty where is 
the M K s. measure of the permeability of free space ; 
therefore 


1 ^= 10 ’ ” 
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10“‘ is therefore the measure of the permeability of free 
tpace in m.k.s. units- 

The Fourth Dimensional Entity for Electrical Quan- 
tities. We hare seen that, although the quantities 
permittivifcj’ k and permeabili^* }i are usuallj- defined 
as the ratios of magnitudes of the same kind, the 
assumption that these quantities are, like specific 
gravity and specific heat, both dimensionless, leads to a 
fundamental inconsistency of the dimensions of 
electrical quantities worked out in t^^o different waj's. 
We have seen also that although the dimensions of the 
quantities k and pt in terms of M, L and T are each 
unknown, the dimensions of their product are L~‘T^, 
so that the dimensions of each can be expressed in 
terms of the unknown dimensions of the other and 
of L and T. Two complete sets of dimensional 
formulae can therefore be established, the one in terms 
of 21, L, T and k, and the other in terms of Jlf, L, T 
and fi. 

Although an additional symbol or a fourth dimen- 
sional entity seems essential for e.vpressing the dimen- 
sions of electrical magnitude, a suggestion has been put 
for^rard by Fitzgerald, whereby this additional symbol 
can be avoided. This suggestion is that the dimensions 
of K and pt. are assumed to be the same, so that each has 
tlie value L-'^-T to satisfy the dimensional equation 
{khI-szL'-T-. On this assumption, the magnitudes q, 
or quantity of electricity and m, pole strength, will have 
the same dim ensions in terms of M, L and T. Although 
however the magnitude Kpi certainly has the dimensions 
L--T^, there is no justification whatever for assuming 
that the dimensions of k and pt are the same. The 
suggestion that they are is merely a guess, and as the 
two magnitudes are of a very di^rent physical charac- 
ter, the suggestion seems, on a 'priori groimds, to be 
inherently improbable. 

But, although it has been necessary to assign some 
unknown dimensions to the quantities k and px in the 



98 DUIENSIONS IN ENaiNEEKINO THEORY 


fundamental lairs on which the two systems of electrical 
units are based, there is no essential reason why either 
of these quantities need be used as a fourth dimensional 
entity. We hare explained in. Chapter II that the 
choice of fundamental entities can be arbitrary, and 
that it can be made on the grounds of conxemence. 
The reasons that mass, length and time are used as the 
fundamental dimensional entities in dynamics are, 
first, that these entities correspond to concretely and 
exactly defined units, and, secondly, that the dimen- 
sional formulae based upon them are the simplest in 
the long run. The fourth dimensional entity necessary 
for expressing the dimensions of electrical quantities 
can likewise be chosen arbitrarily and this choice can be 
that of an electrical magnitude measured in a con- 
cretely defined unit, or of one which leads to the 
simplest dimensional formulae. Accordingly> 
electrical magnitudes, alternative to k and n, are used 
for the fourth dimensional entity ; these are resistance, 
and charge or quantity of electricity. 

Eesistance as a Fourth Dimensional Entity. The use 
of resistance as a fourth dimensional entity has the 
sanction that a practical unit of resistance, like a unit 
of length, can bo objectively realised by a column of a 
liquid metal of a stipulated shape, so that a resistance 
unit is comparable in simplicity and exactness of 
definition with a mass and s length unit. The dimen- 
sions of electrical quantities in terms of M, L, T and 
resistance B can be worked out, starting from Joule’s 
law, that the electrical power loss due to the flow of a 
current 7 in a resistance R is /*J?. Thus the dimensions 
of current [I] are given by the relation : 


rT>-» power ML* 1 
^ "^resistance” 




and = 

and, as potential difference F is equal to 7 x resistance : 
[r3=lP^7ifr-»/»i2^ *, 
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and, as quantity of electricity q fe equal to Ixt: 

And so, as we shall show in the next section, the 
dimensions of all electrical and magnetic quantities can 
bo derived. These other dimensions, in terms of ilf, L, 
T and i2 are given in the table on page 101. We ob- 
serve that fractional exponents or indices are necessary 
in these dimensional formulae. 

Quantity of Electricity as a Fourth Dimensional Entity. 
Quantity ofelectricityisanothermagnitude which, is used 
as a fourth dimensional entity, and this use can bo justi- 
fied on two grounds. First, that a unit of quantity can 
be objectively defined in terms of the mass of a metal 
oleotrolytically deposited from a specified solution, and 
secondly, that the dimensional formulae in which quan- 
tity is used as a fourth entity are simpler than those in 
wWoh resistance, permittivity or permeability are so 
used. The dimensions of electrical magnitudes in 
terms of M, L, T and quantity Q are worked out, 
starting from the principle that quantity x potential 
difference is equal to electrical energy, so that voltage 
=energy -r-quantity. Thus, the dimensions of potential 
difference [F] are given by : 

As current is quantity divided by time : 

[7] = T-*e. 

and as resistance is equal to V -i-I ; 

iI2}=ML-T--Q-^ xQ-^T=ML^T-^e-K 

Resistivity p is defined by the equation , where 
I is the length and a the cross sectional area of a con- 
ductor, so that and p has the dimensions 

i?x length. Thus: * 

[p]=SkL=ML^~^Q-K 
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Reactance and impedance, each defined as a ratio 
V —I, hare the dimensions of resistance. 

Reactance is proportional to inductance x frequency, 
80 that the dimensions of inductance are those of 
reactance— frequency or of reactance xtime. Thus : 
[Inductance] = X r= 

Induced e.m.f. giving a potential difference V is 


by time Thus . ^ 

C^l * C n [T]* 

and fiuE density, B, or total flux divided by area has 
the dimensions given by . 

Magnetising force H tn suitable units is equal to 
current X turns of vrinding divided by length, so that, 
as turns of winding is a pure number ’ 

and as permeability is equal to R —/T : 

L^i] = X XTQ-' = AfXQ-*. 

Capacitance C, being defined by 5 — bas the 
dimensions . 

[C] = <3 X = M-^L-^T^Q*. 

We have seen on page 92 that capacitance has the 
dimensions L x [w], where [k] stands for the dimensions 
of permittivity. Thus : 

We see that no fractional indices occur in the dimen- 
sional formulae in terms of Jlf, X, T and Q. To those 
not highly expert in algebraic manipulation, fractional 
indices introduce a difficulty and a complication in 
dimensional analysis, and the complete avoidance 
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The dimensional equation is, then : 
JUL^T~^=[ML*T-^Y X iML*Q -*J» x 
and, equating dimensions of Jlf, L, T and Q, Tre ohtam : 

l=*+y+s, 

2=2*+2y + 2s, 

-2= -Zx-s. 

0=-2y-22, 

From these equations, of which it may be noted the 
first and second are identical, we easily obtain : 
ajssl, 2 =-l, and y — l. 

The required relationship is therefore : 

N 

Torque=h x P x ^ ♦ 
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